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INTEGRALITY OF NOETHERIAN GROTHENDIECK CATEGORIES
RYO KANDA
Abstract. We introduce the notion of integrality of Grothendieck categories as a simultaneous
generalization of the primeness of noncommutative noetherian rings and the integrality of locally
noetherian schemes. Two different spaces associated to a Grothendieck category yield respective
definitions of integrality, and we prove the equivalence of these definitions using a Grothendieck-
categorical version of Gabriel’s correspondence, which originally related indecomposable injective
modules and prime two-sided ideals for noetherian rings. The generalization of prime two-sided
ideals is also used to classify locally closed localizing subcategories. As an application of the
main results, we develop a theory of singular objects in a Grothendieck category and deduce
Goldie’s theorem on the existence of the quotient ring as its consequence.
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1. Introduction
The class of Grothendieck categories is a large framework that contains both the category of
modules over a noncommutative ring and the category of quasi-coherent sheaves over a scheme.
One important idea in noncommutative algebraic geometry is to study a Grothendieck category as
the category of quasi-coherent sheaves over a “noncommutative scheme” since there is no effective
definition of the noncommutative scheme itself.
This paper concerns the three properties on Grothendieck categories that are analogous to the
geometric properties of schemes: reducedness, irreducibility, and integrality. The most important
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Key words and phrases. Grothendieck category; atom spectrum; molecule spectrum; Gabriel spectrum; weakly
closed subcategory.
1
2 RYO KANDA
observation in this study is that we can associate two different spaces to a Grothendieck category,
which we call the atom spectrum and the molecule spectrum. They are both essential from the
viewpoint of the study of noncommutative noetherian rings, and each spectrum yields the definition
of the three geometric properties mentioned above.
The notion of the spectrum of a Grothendieck category originated in [Gab62], in which Gabriel
developed the theory of localization of a Grothendieck category using the set of isomorphism
classes of indecomposable injectives, which is nowadays called the Gabriel spectrum. The atom
spectrum (Definition 2.4) is a variant of the Gabriel spectrum. It defined to be the topological
space consisting of atoms, which are equivalence classes of monoform objects of the Grothendieck
category. The notion of an atom was originally introduced by Storrer [Sto72] in order to simplify
Goldman’s theory of primary decompositions of modules [Gol69] stated in terms of prime kernel
functors.
The molecule spectrum (Definition 4.3) is a generalization of prime two-sided ideals of a right
(or left) noetherian ring. Each element, molecule, is an equivalence class of prime objects of the
Grothendieck category. The notion of a molecule was also introduced by Storrer [Sto72] in the study
of tertiary decomposition of modules. We will see that molecules bijectively correspond to prime
closed subcategories when the Grothendieck category has a noetherian generator (Proposition 4.4).
In short, the atom spectrum is defined in terms of “one-sided modules”, while the molecule
spectrum is based on “two-sided ideals”. For the category of modules over a commutative ring, both
spectra are canonically identified with the Zariski spectrum of the ring. In general, however, these
spectra have quite different nature. Even for the category of right modules over a right noetherian
ring, the cardinalities of these spectra can be different. Both spectra admit natural topologies
coming from classification of subcategories. In the molecule spectrum, the collection of open subsets
is closed under arbitrary intersection, while it is not the case in the atom spectrum. Despite of
these significant differences, our main theorem asserts that the three geometric properties, which
we mentioned in the beginning, do not depend on which spectrum we use:
Theorem 1.1 (Corollary 7.8). Let G be a Grothendieck category having a noetherian generator
and exact direct products. Then G is atomically reduced, irreducible, or integral if and only if G is
molecularly reduced, irreducible, or integral, respectively.
Our result can be applied to the category ModΛ of right modules over a right noetherian ring Λ.
In this case, the molecular properties are interpreted as the properties of the ring: semiprimeness,
having exactly one minimal two-sided prime ideal, and primeness, respectively. Therefore the cor-
responding atomic properties give another module-categorical characterization of these properties.
The category ModΛ is our main object to which our general theory entirely applies. However,
the coincidence of the atomic properties and the molecular properties is not restricted to this case.
We will show that the same type of result holds for the category of quasi-coherent sheaves on an
arbitrary locally noetherian scheme:
Theorem 1.2 (Corollary 9.14). Let X be a locally noetherian scheme. Then the atomic definitions,
the molecular definitions, and the geometric definitions of reducedness, irreducibility, and integrality
are the same.
The atomic (resp. molecular) integrality of a Grothendieck category is defined as the property
of having both atomic (resp. molecular) reducedness and irreducibility, as in the case of schemes.
Hence the essential part of our theory is divided into the study of reducedness and that of irre-
ducibility.
For a Grothendieck category G having a noetherian generator, we define the atomically (resp.
molecularly) reduced part as a unique subcategory satisfying a certain characteristic condition
(Theorem 3.6 and Proposition 6.2). The atomically (resp. molecularly) reducedness of G is defined
by the property that G itself is the atomically (resp. molecularly) reduced part. In the case of right
noetherian rings, taking the molecularly reduced part is equivalent to considering the ring modulo
the prime radical. We will show that the atomically reduced part coincides with the molecular one
for a Grothendieck category satisfying our assumption (Theorem 7.7).
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Both the atom spectrum and the molecule spectrum have natural partial orders, which are
defined as the specialization orders of certain topologies. For a Grothendieck category having a
noetherian generator, each element is larger or equal to some minimal element. The irreducibility
is defined by the property that there is exactly one minimal atom/molecule. This will be achieved
by generalizing Gabriel’s correspondence for right noetherian rings to Grothendieck categories
satisfying our assumption.
Gabriel [Gab62] described a relationship between the Gabriel spectrum of ModΛ and the set
of prime two-sided ideals of Λ for a right noetherian ring Λ. Gabriel pointed out that there are
canonical maps ϕ from the former one to the latter one and ψ in the opposite direction and showed
that ϕψ = id. We will establish these maps for Grothendieck categories satisfying our assumption.
We show that the property ϕψ = id still holds in our setting, and ϕ and ψ have some compatibility
with the partial orders. In particular, these maps give a bijective correspondence between the
minimal elements of the atom spectrum and those of the molecule spectrum. This implies that the
atomic irreducibility is equivalent to the molecular one. This observation contains a generalization
of results of Beachy [Bea73] and Albu and Năstăsescu [AN84], which were proved for a certain
class of rings. They are generalized by Albu, G. Krause, and Teply [AKT01] to a class of rings
with Gabriel topologies, and it can be translated into a result on a Grothendieck category using
the Gabriel-Popescu embedding, which is a technique to embed the Grothendieck category into
the module category over the endomorphism ring of a fixed generator. Our result contains the
“absolute version” of their result in the sense that we do not fix a generator either in the statement
or in the proof.
The atomic irreducibility is equivalent to the topological irreducibility defined by Pappacena
[Pap02]. In the case of ModΛ for a right noetherian ring Λ, Pappacena showed that the topological
irreducibility is equivalent to that Λ has exactly one minimal prime ideal. This can be interpreted
as the equivalence of atomic irreducibility and molecular one for ModΛ. Our approach in this paper
gives a new insight to this result since we do not assume the existence of a projective generator.
Our definition of atomic integrality is a variant of the integrality defined by S.P. Smith [Smi01],
which was also studied by Pappacena [Pap02]. Our result can be regarded as a refinement of their
result in the following sense: In the case of ModΛ for a right noetherian ring Λ, the primeness
of Λ implies both Smith’s integrality and the atomic integrality, but Smith’s integrality does not
imply the primeness of the ring, while the atomic integrality does. Although our general theory
does not cover the case of non-affine schemes, the same phenomenon is observed for an arbitrary
locally noetherian scheme.
As an application of our result, we provide a proof of Goldie’s theorem on the existence of the
classical right quotient ring for semiprime right noetherian ring from our viewpoint (Corollary 8.16).
It is obtained as a corollary of a more general result on a Grothendieck category having a noetherian
generator together with Theorem 1.2.
Remark 1.3. For a Grothendieck category having a noetherian generator, the atom spectrum and
the molecule spectrum bijectively correspond to the Gabriel spectrum and the set of prime closed
subcategories, respectively. However, we establish our theory in terms of atoms and molecule due
to the following reasons:
(1) While indecomposable injectives and prime closed subcategories are defined in quite dif-
ferent ways, atoms and molecules are both defined as equivalence classes of certain class
of objects. This makes the correspondence clearer and proofs simpler.
(2) In the case where the Grothendieck category has no noetherian generator, prime closed
subcategories and molecules might be different. In order to observe the difference of these
two concepts, we need to use both notions.
(3) Atoms and indecomposable injectives are in bijection, but they are defined based on dif-
ferent concepts. In [Kan15b], we introduced extension groups between atoms and objects
in a Grothendieck category, which was denoted by Extd(α,M) where α is an atom and M
is an object. The definition looks quite natural when we state in terms of atoms, and it is
in fact different from the usual extension group Extd(I,M) where I is the indecomposable
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injective object corresponding to α. In particular, Hom(α,M) = Ext0(α,M) is closely
related to associated atoms, which is the generalization of associated primes.
(4) We define the partial order on the molecule spectrum so that it generalizes the inclusion
between prime ideals, which is opposite of the inclusion between prime closed subcategories.
This makes the statement easier to understand.
Remark 1.4. The molecule spectrum, which we introduce in this paper based on Storrer’s idea
[Sto72], is defined for the purpose of studying a Grothendieck category having a noetherian gen-
erator and exact direct products, and it turns out that it also work well for the category of quasi-
coherent sheaves on a locally noetherian scheme. However, when we try to generalize Theorem 1.1
and Theorem 1.2 to more general classes of Grothendieck categories, we might have to modify the
definition of the molecule spectrum in a suitable way.
Acknowledgements. The author would like to thank Osamu Iyama for his encouragement and
guidance in Nagoya University, S. Paul Smith for stimulating discussions in the University of
Washington, and Manuel Saorín for his valuable comments.
The author was a JSPS Overseas Research Fellow. This work was supported by JSPS KAKENHI
Grant Numbers JP17K14164 and JP16H06337, and Grant-in-Aid for JSPS Research Fellow 25·249.
2. Preliminaries
Convention 2.1. The following conventions will be used throughout this paper:
(1) We fix a Grothendieck universe. Each set belonging to the universe will be called small.
For every category, the collection of objects and that of morphisms are sets, and each
Hom-set between two objects is supposed to be small. The index set of each colimit and
limit, especially direct sum and direct product, is supposed to be in bijection with a small
set. Rings, schemes, and modules always mean those being small.
(2) All subcategories appearing in this paper are full subcategories. For a category C, M ∈ C
means that M is an object in C, and L ⊂M means that L is a subobject of M .
(3) A generating set of a Grothendieck category G is a set U of objects in G that is in bijection
with a small set and satisfies the property that every object in G is obtained as a quotient
object of a direct sum of objects belonging to U . A generator U is an object such that {U}
is a generating set.
(4) A ring means an associative ring with identity, which is not necessarily commutative.
Throughout this paper, we will work on a Grothendieck category G. There are two important
classes of Grothendieck categories: the category ModΛ of right modules over a ring Λ, and the
category QCohX of quasi-coherent sheaves on a scheme X . The fact that the latter one is a
Grothendieck category was shown by Gabber (see [Est15, Corollary 4.5] for a proof).
2.1. Atom spectrum. The atom spectrum is a topological space associated to a Grothendieck
category, and it is the first main object of this paper. For the category of modules over a commu-
tative ring, the atom spectrum is naturally identified with the set of prime ideals, and for a locally
noetherian Grothendieck category, the atom spectrum is in bijection with the Gabriel spectrum,
the set of isoclasses of indecomposable injective objects.
We recall some fundamentals of the atom spectrum and related notions. Note that our definition
of an atom is different from the original definition given by Storrer [Sto72, p. 629], but it is
mentioned in [Sto72, p. 631] that the two definitions are equivalent for the category of modules
over a ring.
We start from the definition and basic properties of monoform objects, which is used to define
the atom spectrum. Throughout this section, let G be a Grothendieck category.
Definition 2.2.
(1) A nonzero object H in G is called monoform if for every nonzero subobject L of H , there
does not exist any nonzero subobject of H that is isomorphic to a subobject of H/L, that
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is,
{ subobjects of H }
∼= ∩
{ subobjects of H/L }
∼= = {0}.
(2) We say that monoform objects H1 and H2 in G are atom-equivalent if there exists a nonzero
subobject of H1 that is isomorphic to a subobject of H2, that is,
{ subobjects of H1 }
∼= ∩
{ subobjects of H2 }
∼= 6= {0}.
Proposition 2.3.
(1) Every nonzero subobject of a monoform object is again monoform.
(2) Every monoform object H is uniform, that is, H is nonzero and every nonzero subobject
of H is an essential subobject.
(3) Every nonzero noetherian object has a monoform subobject. If G is a locally noetherian
Grothendieck category, then every nonzero object in G has a monoform subobject.
Proof. (1) [Kan12, Proposition 2.2].
(2) [Kan12, Proposition 2.6].
(3) [Kan12, Theorem 2.9]. If G is locally noetherian, then every nonzero object has a nonzero
noetherian subobject, which has a monoform subobject. 
The atom equivalence is an equivalence relation between monoform objects ([Kan12, Proposi-
tion 2.8]). This fact leads us to the definition of atoms.
Definition 2.4. Let G be a Grothendieck category. The atom spectrum ASpec G of G is defined
as
ASpecG = {monoform objects in G }
atom equivalence
.
An atom in G is an element of ASpecG. For each monoform object H in G, its equivalence class is
denoted by H.
In fact, ASpecG is in bijection with a small set ([Kan15d, Proposition 2.7 (2)]).
For a commutative ring R, the atom spectrum of ModR is naturally identified with the prime
spectrum SpecR (Proposition 2.10). Moreover, the atom spectrum of QCohX for a locally noe-
therian scheme X is identified with the underlying space of X (Theorem 9.1). The analogous
notion to associated points and supports are defined as follows:
Definition 2.5. Let M be an object in G.
(1) The set AAssM of associated atoms of M is defined by
AAssM = {H ∈ ASpecG | H is a monoform subobject of M }.
(2) The atom support ASuppM of M is defined by
ASuppM = {H ∈ ASpec G | H is a monoform subquotient of M }.
Recall that a subset S of a partially ordered set P is called filtered if for each p1, p2 ∈ S, there
exists q ∈ S satisfying p1 ≤ q and p2 ≤ q. For each object M in a Grothendieck category, the set
of subobjects of M is regarded as a partially ordered set with respect to the inclusion.
Proposition 2.6.
(1) For each exact sequence 0→ L→M → N → 0 in G the following hold:
(a) AAssL ⊂ AAssM ⊂ AAssL ∪AAssN .
(b) ASuppM = ASuppL ∪ASuppN .
(2) Let {Lλ}λ∈Λ be a filtered set of subobjects of M ∈ G. (In this case the sum
∑
λ∈Λ Lλ is
called the filtered union and is written as
⋃
λ∈Λ Lλ.) Then
AAss
⋃
λ∈Λ
Lλ =
⋃
λ∈Λ
AAssLλ and ASupp
⋃
λ∈Λ
Lλ =
⋃
λ∈Λ
ASuppLλ.
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(3) For every family {Mλ}λ∈Λ of objects in G,
AAss
⊕
λ∈Λ
Mλ =
⋃
λ∈Λ
AAssMλ and ASupp
⊕
λ∈Λ
Mλ =
⋃
λ∈Λ
ASuppMλ.
Proof. (1) [Kan12, Propositions 3.5 and 3.3].
(2) Since each Lλ is a subobject of
⋃
λ∈Λ Lλ, it follows from (1) that AAss
⋃
λ∈Λ Lλ ⊃⋃
λ∈ΛAAssLλ.
Let α ∈ AAss⋃λ∈Λ Lλ. Then it is represented by a monoform subobject H of ⋃λ∈Λ Lλ. The
axioms of a Grothendieck category (see [Kan15b, Definition 2.1]) implies
H ∩
⋃
λ∈Λ
Lλ =
⋃
λ∈Λ
(H ∩ Lλ).
Hence H ∩ Lλ 6= 0 for some λ ∈ Λ. Since H ∩ Lλ is a nonzero subobject of the monoform object
H , it is a monoform object that is atom-equivalent to H . Therefore α = H ∩ Lλ ∈ AAssLλ.
The equation on atom support follows from [Kan15a, Proposition 3.11 (2)].
(3) [Kan15d, Proposition 2.12]. 
For every nonzero objectM in a locally noetherian Grothendieck category, AAssM is nonempty
from Proposition 2.3 (3), and is a finite set if M is noetherian ([Kan12, Remark 3.6]).
The atom spectrum has a natural topological structure that can be used to classify localizing
subcategories (Theorem 2.18).
Definition 2.7. A subset Φ of ASpecG is called a localizing subset if Φ = ASuppM for some
M ∈ G.
The set of localizing subsets of ASpecG satisfies the axioms of open subsets of ASpecG ([Kan12,
Proposition 3.8]). The topology on ASpecG defined by the localizing subsets will be referred to as
the localizing topology, and we will always regard ASpec G as a topological space in this way.
In the case of commutative rings or locally noetherian schemes, the localizing topology is different
from the Zariski topology (Proposition 2.10).
The topology of ASpec G yields a partial order on ASpecG. For each α ∈ ASpec G, denote by
Λ(α) the topological closure of the singleton {α}.
Definition 2.8. Define the relation ≤ on ASpec G by
α ≤ β ⇐⇒ α ∈ Λ(β).
For an arbitrary topological space, the relation defined in this way is a partial preorder and
is called the specialization (pre)order. It is a partial order if and only if the topological space is
a Kolmogorov space (or a T0-space). ASpec G is in fact a Kolmogorov space ([Kan15d, Proposi-
tion 3.5]) so the relation ≤ is a partial order. We recall a description of this partial order in terms
of monoform objects.
Proposition 2.9. For every α, β ∈ ASpecG, the following are equivalent:
(1) α ≤ β.
(2) Every objects M in G satisfying α ∈ ASuppM also satisfies β ∈ ASuppM .
(3) For every monoform object H in G with H = α, we have β ∈ ASuppH.
Proof. [Kan15d, Proposition 4.2]. 
In the case of commutative rings, the notions defined above agree with the usual notion on
prime spectra, as described below. For locally noetherian schemes, see section 9.
Proposition 2.10. Let R be a commutative ring.
(1) We have an isomorphism
(SpecR,⊂) ∼−→ (ASpec(ModR),≤), p 7→ R/p
of partially ordered sets.
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(2) For every R-module M , the isomorphism in (1) induces bijections
AssRM ∼−→ AAssM and SuppRM ∼−→ ASuppM.
(3) A subset of ASpec(ModR) is localizing if and only if the corresponding subset Φ of SpecR
is closed under specialization, that is, for each p, q ∈ SpecR with p ⊂ q, the assertion p ∈ Φ
implies q ∈ Φ.
Proof. (1) [Sto72, p. 631] and [Kan15d, Proposition 4.3].
(2) [Kan15d, Proposition 2.13].
(3) [Kan12, Proposition 7.2 (2)]. 
Remark 2.11. In general, every open subsets of G is upward-closed with respect to the special-
ization order, but the converse does not necessarily hold. Moreover, the localizing topology cannot
be recovered from the specialization order. See [Kan15d, Example 3.4 and Remark 4.5] and also
Example 3.13.
In a Grothendieck category, each object admits an injective envelope E(M) of M , which is
unique up to non-unique isomorphism. For each α = H ∈ ASpecG, the isomorphism class of
the object E(α) := E(H) does not depend on the choice of the monoform object H ([Kan12,
Lemma 5.8]). E(α) is called the injective envelope of α.
For a Grothendieck category G, the Gabriel spectrum SpG is defined as the set of isomorphism
classes of indecomposable injective objects in G. It appeared in the work of Gabriel [Gab62, IV.1].
For a locally noetherian Grothendieck category, there is a bijection between the atom spectrum
and the Gabriel spectrum, which is given by taking the injective envelope of an atom. The notions
on the atom spectrum defined above can be stated in terms of the Gabriel spectrum as follows:
Definition 2.12. Let G be a Grothendieck category. Define the partial preorder ≤ on SpG by
I ≤ J ⇐⇒ ⊥I ⊃ ⊥J
where ⊥I := {M ∈ G | HomG(M, I) = 0 }.
Proposition 2.13. Let G be a locally noetherian Grothendieck category.
(1) There is an isomorphism
(ASpecG,≤) ∼−→ (SpG,≤), α 7→ E(α)
of partially ordered sets. In particular, the partial preorder ≤ on SpG is a partial order.
(2) For every object M in G,
AAssM = {α ∈ ASpec G | E(α) is a direct summand of E(M) },
ASuppM = {α ∈ ASpec G | HomG(M,E(α)) 6= 0 }.
Proof. The bijectivity of the map in (1) and the description of ASuppM are shown in [Kan12,
Theorem 5.9].
For each α ∈ ASpecG,
⊥E(α) = {M ∈ G | α /∈ ASuppM },
and hence the map in (1) is an isomorphism by [Kan15d, Theorems 6.2 and 6.8].
Let M be an object in G. If α ∈ AAssM holds, then there exists a monoform subobject H of
M satisfying H = α. This implies that E(α) ∼= E(H) is a direct summand of E(M).
Conversely, assume that E(α) is a direct summand of E(M). Then by [Kan15d, Proposi-
tion 2.16],
α ∈ AAssE(α) ⊂ AAssE(M) = AAssM.
Thus we obtain the description of AAssM . 
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2.2. Weakly closed subcategories and localizing subcategories. We will consider three
classes of full subcategories. Localizing subcategories are used to localize a Grothendieck category,
which is a generalization of localization of rings and schemes. Closed subcategories are categorical
interpretation of two-sided ideals of a ring and closed subschemes of a scheme. Weakly closed
subcategories are common generalization of these two classes, and we start from recalling the
definition of this. Let G be a Grothendieck category.
Definition 2.14. A weakly closed subcategory (also called prelocalizing subcategory) of G is a full
subcategory closed under subobjects, quotient objects, and direct sums.
For a full subcategory Y of G, denote by 〈Y〉w.cl the smallest weakly closed subcategory contain-
ing Y. Since direct sums are exact in a Grothendieck category, every M ∈ 〈Y〉w.cl can be written
as a subquotient of a direct sums of objects in Y. If M is noetherian, then the direct sum can be
taken as a finite direct sum (see, for example, the proof of [Kan12, Proposition 5.6]).
IfW is a weakly closed subcategory of G, then each object in G has the largest subobject among
those belonging to W since a sum of subobjects can be written as a quotient of a direct sum.
Gabriel [Gab62] proved that for every ring Λ, weakly closed subcategories of ModΛ bijectively
correspond to certain filters of right ideals of Λ:
Definition 2.15. Let Λ be a ring. A nonempty set F of right ideals of Λ is called a prelocalizing
filter if the following conditions are satisfied:
(1) F is upward-closed, that is, for each L ∈ F , all right ideals larger than L belong to F .
(2) F is closed under finite intersection.
(3) For each L ∈ F and a ∈ Λ, the right ideal a−1L := { b ∈ Λ | ab ∈ L } belongs to F .
Theorem 2.16 ([Gab62, Lemma V.2.1]). Let Λ be a ring. Then there is an order-preserving
bijection
{weakly closed subcategories of G } ∼−→ { prelocalizing filter of right ideals of Λ }
∈ ∈
Y 7→ {L ⊂ Λ in ModΛ | Λ/L ∈ Y }
.
The inverse map is given by
F 7→ 〈{Λ/L ∈ ModΛ | L ∈ F }〉w.cl
Proof. [Pop73, Theorem 4.9.1]. 
For full subcategories Y1 and Y2 of G, the extension Y1 ∗ Y2 of Y2 by Y1 is the full subcategory
of G consisting of all objects M admitting an exact sequence
0→M1 →M →M2 → 0
where Mi belongs to Yi for each i = 1, 2. We say that a full subcategory Y is closed under
extensions if Y ∗Y = Y. If Y1 and Y2 are weakly closed subcategories, then Y1 ∗Y2 is also a weakly
closed subcategory. This operator ∗ is associative. (See [Kan12, Proposition 2.4], for example.)
Next we recall localizing subcategories and a classification of them.
Definition 2.17. A localizing subcategory is a weakly closed subcategory X that is also closed
under extensions.
Gabriel [Gab62, Proposition VI.2.4] showed that for a noetherian scheme X , the localizing
subcategories of QCohX bijectively correspond to the specialization-closed subsets of X . Her-
zog [Her97] and H. Krause [Kra97] independently generalized this result to a locally coherent
Grothendieck category as a classification of localizing subcategories (also called hereditary tor-
sion subcategories) of finite type using the Gabriel spectrum. In [Kan12], we concentrated on the
case of locally noetherian Grothendieck categories and took different approach through the full
subcategory of noetherian objects and its atom spectrum. We state the result in terms of atoms:
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For each full subcategory Y of G,
ASuppY :=
⋃
M∈Y
ASuppM
is a localizing subset of ASpec G. For each subset Φ of ASpecG,
ASupp−1 Φ := {M ∈ G | ASuppM ⊂ Φ }
is a localizing subcategory of G.
Theorem 2.18 ([Her97, Theorem 3.8] and [Kra97, Corollary 4.3]; see also [Kan12, Theorem 5.5]).
Let G be a locally noetherian Grothendieck category. Then there is a bijection
{ localizing subcategories of G } ∼−→ { localizing subsets of ASpec G }
∈ ∈
X 7→ ASuppX
.
The inverse map is given by Φ 7→ ASupp−1 Φ.
Each weakly closed subcategory of G is a Grothendieck category again. Its atom spectrum is
described as follows:
Proposition 2.19 ([Kan15d, Proposition 5.12]). Let W be a weakly closed subcategory of G. Then
the map ASpecW → ASpecG given by H 7→ H induces a homeomorphism ASpecW ∼−→ ASuppW.
For each localizing subcategory X of G, we can construct the quotient category G/X , which is
again a Grothendieck category. There are canonical adjoint between G and G/X . If U is an open
subscheme of a locally noetherian scheme X , then QCohU is realized as a quotient category of
QCohX , and the canonical adjoint pair is given as the pullback i∗ and the pushforward i∗ by the
immersion i : U →֒ X . For this reason, we often denote the canonical adjoint pair between G and
G/X as
i∗ : G → GX and i∗ :
G
X → G
although i itself if not defined. See [Pop73, section 4] for basic materials on quotient categories. If G
is a locally noetherian, or has a noetherian generator, then G/X inherits the property. The Gabriel
spectrum of a quotient category was described by Gabriel [Gab62, p. 383] and its topology by
Herzog [Her97, Proposition 3.6] and H. Krause [Kra97, Corollary 4.4]. We will recall an analogous
result for the atom spectrum.
Theorem 2.20 ([Kan15d, Theorem 5.17]). Let G be a Grothendieck category, and let X be a
localizing subcategory of G. Denote the canonical functors by i∗ : G → G/X and i∗ : G/X → G.
Then there is a homeomorphism
ASpecG \ASuppX ∼−→ ASpec GX
∈ ∈
H 7→ i∗H
.
The inverse map is given by H ′ 7→ i∗H ′.
As a special case of quotient categories, the localization at a single atom is defined:
Definition 2.21 ([Pap02, Definition 4.17], see also [Kan15d, Definition 6.1]). Let G be a
Grothendieck category. For each α ∈ ASpec G, define the localizing subcategory X (α) of G by
X (α) = ASupp−1(ASpec G \ Λ(α)).
Define the localization of G at α to be Gα := G/X (α). The canonical functor G → Gα is denoted
by (−)α.
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Corollary 2.22 ([Kan15d, Proposition 6.6 (1)]). Let G be a Grothendieck category. For every
α ∈ ASpecG, there is a homeomorphism
Λ(α) ∼−→ ASpecGα
∈ ∈
H 7→ Hα
.
Atom supports can be described in terms of localization as in the case of schemes:
Proposition 2.23 ([Kan15d, Proposition 6.2]). For each M ∈ G,
ASuppM = {α ∈ ASpecG |Mα 6= 0 }.
Remark 2.24. Let G be a Grothendieck category and α ∈ ASpecG. Then X (α) = ⊥E(α).
Therefore the localization Gα is the same as the localization at the injective object E(α) defined
in [Pap02, Definition 4.17].
We recall the fact that the atom spectrum is in bijection with the set of prime localizing subcat-
egories. A Grothendieck category G is called local (in the sense of [Pop73, 4.20]) if it has a simple
object S such that E(S) is a cogenerator in G. A localizing subcategory X of a Grothendieck
category G is called prime if G/X is a local Grothendieck category. A localizing subcategory of G
is said to be proper if it is not G itself.
Proposition 2.25 ([Kan15d, Theorem 6.8]). Let G be a Grothendieck category. Then there is an
order-reversing bijection
ASpecG → { prime localizing subcategories of G }
∈ ∈
α 7→ X (α)
Proposition 2.26. Let G be a locally noetherian Grothendieck category. Then there is a bijection
AMinG → {maximal proper localizing subcategories of G }
∈ ∈
α 7→ X (α)
Proof. The bijection in Proposition 2.25 induces a bijection between AMinG and the set of maximal
localizing subcategories among those are prime. Hence it suffices to show that for each α ∈ AMinG,
X (α) is maximal among all proper localizing subcategories of G.
Let X be a localizing subcategory of G that properly contains X (α). Since α is minimal,
Λ(α) = {α}, and ASuppX (α) = ASpec G \ {α}. This implies ASuppX = ASpec G. Therefore
X = G. 
Remark 2.27. In Proposition 2.26, the assumption of G being locally noetherian is essential.
Indeed, Năstăsescu and Torrecillas [NT03, Example 4.8] gave an example of a nonzero Grothendieck
category G such that 0 and G are the only localizing subcategories of G, and G has no simple object.
While 0 is a maximal proper localizing subcategory of G, it is not a prime localizing subcategory.
2.3. Closed subcategories. Closed subcategories will be defined by using direct products. Al-
though the axioms of a Grothendieck category does not require the existence of direct products,
it follows from other axioms using the Gabriel-Popescu embedding (see [Pop73, Corollary 3.7.10]).
However direct products are not necessarily exact.
Definition 2.28. Let G be a Grothendieck category. We say that direct products in G are exact
(or G has exact direct products or G satisfies the condition Ab4*), if for every family
{0→ Lλ →Mλ → Nλ → 0}λ∈Λ
of short exact sequences in G, the direct product
0→
∏
λ∈Λ
Lλ →
∏
λ∈Λ
Mλ →
∏
λ∈Λ
Nλ → 0
is again exact.
INTEGRALITY OF NOETHERIAN GROTHENDIECK CATEGORIES 11
Note that the exactness of direct sums is contained in the axioms of a Grothendieck category.
Since direct products in a Grothendieck category are always left exact, the exactness of direct
products is equivalent to that direct products of epimorphisms are again epimorphism. Every
Grothendieck category G with a projective generator P has exact direct products. It can be shown
by using the functor HomG(P,−) : G → ModZ, which is exact and faithful and preserves direct
products.
Definition 2.29. A closed subcategory of G is a weakly closed subcategory that is also closed
under direct products.
For a full subcategory Y of G, denote by 〈Y〉cl the smallest closed subcategory containing Y.
Although the definition of closed subcategories uses direct products, we do not assume that our
Grothendieck category has exact direct products unless explicitly stated.
Remark 2.30. If C1 and C2 are closed subcategories, then C1 ∗ C2 is again a closed subcategory
even when the exactness of direct products is not assumed on G. Indeed, since C1 and C2 are weakly
closed subcategories, so is C1 ∗ C2. For each family {Mλ}λ∈Λ of objects in C1 ∗ C2, we have a family
{0→ Lλ →Mλ → Nλ → 0}λ∈Λ
of short exact sequences in G, where Lλ ∈ C1 and Nλ ∈ C2. Since direct products are always left
exact,
0→
∏
λ∈Λ
Lλ →
∏
λ∈Λ
Mλ →
∏
λ∈Λ
Nλ
is again exact. Since the cokernel of the morphism
∏
λ∈Λ Lλ →
∏
λ∈ΛMλ is a subobject of∏
λ∈ΛNλ, the object
∏
λ∈ΛMλ belongs to C1 ∗ C2. This shows that C1 ∗ C2 is closed under direct
products.
Closed subcategories have the following characterizations:
Proposition 2.31. Let C be a weakly closed subcategory of G. Then the following are equivalent:
(1) C is a closed subcategory.
(2) Every object in G has a largest quotient object among those belonging to C.
(3) The inclusion functor C →֒ G has a left adjoint.
When these are satisfied, the left adjoint of the inclusion functor sends each object to the quotient
object described in (2).
Proof. See [Kan15a, Proposition 11.2]. 
If U is a generator of G and C is a closed subcategory of G, then the largest quotient object
U/L belonging to C is a generator of C. Since C is determined by L as the full subcategories of all
quotients of direct sums of copies of U/L, the closed subcategories of G form a small set.
For a ring Λ, the closed subcategories of ModΛ bijectively correspond to the two-sided ideals of
Λ as described below. We also recall interpretations of products of two-sided ideals and annihilators
in terms of closed subcategories.
Proposition 2.32. Let Λ be a ring.
(1) Under the bijection in Theorem 2.16, the closed subcategories correspond to the prelocalizing
filter of the form F(I) for some two-sided ideal I of Λ, where F(I) consists of all right
ideals larger or equal to I.
(2) ([Ros95, Proposition III.6.4.1]) There is an order-reversing bijection
{ closed subcategories of ModΛ } ∼−→ { two-sided ideals of Λ }
∈ ∈
C 7→
⋂
M∈C
AnnΛ(M)
.
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The inverse map sends each two-sided ideal I to the closed subcategory {M ∈ ModΛ |
MI = 0 }, which is canonically identified with Mod(Λ/I). For each right Λ-module M , the
quotient M/MI is the largest among those belonging to Mod(Λ/I).
(3) If closed subcategories C1 and C2 of ModΛ correspond to two-sided ideals I1 and I2 of Λ,
respectively, then C1 ∗ C2 corresponds to the product I2I1.
(4) For every right Λ-module M , the bijection in (2) sends 〈M〉cl to AnnΛ(M).
Proof. See [Kan15a, Theorem 11.3] for (1) and (2).
(3) This follows from the combination of [Kan15a, Theorem 10.3 (1)] and [Kan15a, Theo-
rem 11.3].
(4) Since the bijection in (2) is order-reversing, the smallest subcategory 〈M〉cl among those
containing M is sent to the largest two-sided ideal I among those annihilating M , which is
AnnΛ(M). 
We observe that the existence of a noetherian generator implies the descending chain condition
on closed subcategories. In the case of ModΛ for a ring Λ, this means that the ascending chain
condition of two-sided ideals since the bijection in Proposition 2.32 (2) is order-reversing.
Proposition 2.33. Let G be a Grothendieck category having a noetherian generator. Then the set
of closed subcategories of G satisfies the descending chain condition with respect to the inclusion.
Proof. Let U be a noetherian generator in G. Let C0 ⊃ C1 ⊃ · · · be a descending chain of closed
subcategories of G. For each i ≥ 0, take the largest quotient object U/Li of U among those
belonging to Ci. Since U is noetherian, the ascending chain L0 ⊂ L1 ⊂ · · · eventually stabilizes.
Each U/Li is a generator of Ci, and hence C0 ⊃ C1 ⊃ · · · eventually stabilizes. 
Since products of two-sided ideals of a ring are generalized as extensions of closed subcategories,
we naturally obtain the notion of prime closed subcategories:
Definition 2.34. Let G be a Grothendieck category. A nonzero closed subcategory P of G is called
prime if the following condition holds: If C1 and C2 are closed subcategories of G with P ⊂ C1 ∗ C2,
then P ⊂ Ci for some i = 1, 2.
This definition is motivated from the following correspondence in the category of modules over
a ring:
Proposition 2.35. Let Λ be a ring. Then the bijection in Proposition 2.32 (2) induces a bijection
{ prime closed subcategories of ModΛ } ∼−→ { prime two-sided ideals of Λ }.
Proof. This follows from Proposition 2.32 (3). 
We will state some properties on prime closed subcategories, which generalize elementary results
on prime two-sided ideals of a ring.
Recall that an object M in G is called finitely generated if the following holds: For every
family {Lλ}λ∈Λ of subobjects of M satisfying M =
∑
λ∈Λ Lλ, there exist a finite number of
indices λ1, . . . , λn ∈ Λ such that M =
∑n
i=1 Lλi . A Grothendieck category is called locally finitely
generated if it admits a generating set consisting of finitely generated objects.
Proposition 2.36. Let G be a Grothendieck category.
(1) Every minimal nonzero closed subcategory of G is a prime closed subcategory.
(2) If G has a finitely generated generator, then each nonzero closed subcategory contains a
minimal nonzero closed subcategory.
Proof. (1) Let P be a minimal nonzero closed subcategory of G, and let C1 and C2 be closed
subcategories of G satisfying P ⊂ C1 ∗ C2. Then we have P ⊂ (C1 ∩ P) ∗ (C2 ∩ P), and hence
Ci ∩P 6= 0 for some i = 1, 2. By the minimality of P , we obtain P = Ci ∩P ⊂ Ci. This shows that
P is prime.
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(2) Let U be a finitely generated generator of G, and let C be a nonzero closed subcategory.
Define S to be the set of all nonzero closed subcategories contained in C. We show that S has a
minimal element by Zorn’s lemma. Take a totally ordered subset {Dλ}λ∈Λ of S. For each λ ∈ Λ,
let U/Lλ be the largest quotient object of U among those belonging to Dλ. Then U/
∑
λ∈Λ Lλ is
the largest quotient object among those belonging to
⋂
λ∈ΛDλ. It is a generator in
⋂
λ∈ΛDλ since
U is a generator in G. Assume that ⋂λ∈ΛDλ = 0. Then we have U = ∑λ∈Λ Lλ. Since {Dλ}λ∈Λ
is totally ordered, the set {Lλ}λ∈Λ is also totally ordered. Hence there exists λ ∈ Λ such that
M = Lλ. This implies Dλ = 0, which is a contradiction. Therefore
⋂
λ∈ΛDλ is a lower bound of
{Dλ}λ∈Λ in S. By Zorn’s lemma, we obtain a minimal element of S. 
Proposition 2.37. Let G be a Grothendieck category having a noetherian generator. For ev-
ery nonzero closed subcategory C of G, there exist a finite number of prime closed subcategories
P1, . . . ,Pn of G such that C ⊂ P1 ∗ · · · ∗ Pn and Pi ⊂ C for each i = 1, . . . , n.
Proof. Assume that the claim does not hold for a closed subcategory C of G. By the descending
chain condition on closed subcategories (Proposition 2.33), we can assume that C is minimal with
respect to the property. Since C is neither zero nor prime, there exist closed subcategories D1 and
D2 such that C ⊂ D1 ∗D2 and C 6⊂ Di for each i = 1, 2. Then we have C ⊂ (D1 ∩ C) ∗ (D2 ∩ C). By
the minimality of C, the claim holds for both D1 ∩ C and D2 ∩C. Hence the claim also holds for C.
This is a contradiction. 
Proposition 2.38. Let G be a Grothendieck category. Then each prime closed subcategory of G is
contained in some maximal prime closed subcategory.
Proof. Let P be a prime closed subcategory of G. Let S be the set of all prime closed subcategories
containing P . We will apply Zorn’s lemma to S. Let {Qλ}λ∈Λ be a totally ordered subset of S.
If C1 and C2 are closed subcategories satisfying 〈
⋃
λ∈ΛQλ〉cl ⊂ C1 ∗ C2, then each Qλ is contained
in either C1 or C2. Since {Qλ}λ∈Λ is totally ordered, either C1 or C2 contains all Qλ, and hence
it contains 〈⋃λ∈ΛQλ〉cl. This means that 〈⋃λ∈ΛQλ〉cl is a prime closed subcategory, and it is an
upper bound of {Qλ}λ∈Λ in S. A maximal element of S is obtained by Zorn’s lemma. 
Proposition 2.39. Let G be a Grothendieck category having a noetherian generator. Then G has
only finitely many maximal prime closed subcategories.
Proof. By applying Proposition 2.37 to G itself, we obtain prime closed subcategories P1, . . . ,Pn
such that G = P1 ∗ · · · ∗ Pn. Then each prime subcategory of G is contained in P1 ∗ · · · ∗ Pn and
hence it is contained in some Pi. Therefore each maximal prime subcategory of G is either of
P1, . . . ,Pn. 
In Proposition 2.39 the assumption of the existence of a noetherian generator cannot be weak-
ened to G being locally noetherian as the following example shows:
Example 2.40. Let X :=
∐
i∈Z Spec ki, the countable disjoint union of Spec ki, where each ki is a
field. As shown in [Kan15a, Example 12.13], the prelocalizing subcategories of QCohX bijectively
correspond to the subsets of Z, and all prelocalizing subcategories are localizing and closed. Since
extensions of closed subcategories is translated into unions of subsets of Z, prime closed subcate-
gories correspond to singletons in Z. The set of prime closed subcategories is in bijection with Z,
and every element is maximal and minimal.
Our main results in section 7 requires the assumption that direct products in G are exact. It is
only used to ensure the following property:
Proposition 2.41. Let G be a Grothendieck category having exact direct products. Then for every
full subcategory Y of G, 〈Y〉cl consists of all objects that are subquotients of direct products of
objects in Y.
Proof. Let C be the full subcategory consisting of all subquotients of direct products of objects in
Y. Clearly Y ⊂ C ⊂ 〈Y〉cl and C is closed under subquotients. Since a direct sum in a Grothendieck
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category can be written as a subobject of a direct product, it is enough to show that C is closed
under direct products.
Let {Mλ}λ∈Λ be a family of objects in C. Then each Mλ is a subobject of a quotient object of
M ′λ, where M
′
λ is a direct product of objects in Y. Since direct products are exact in G,
∏
λ∈ΛMλ
is a subobject of a quotient object of
∏
λ∈ΛM
′
λ. Hence
∏
λ∈ΛMλ belongs to C. 
The existence of a noetherian generator and the exactness of direct products are inherited to all
closed subcategories as stated below. This allows us to apply our consequence also to each closed
subcategory.
Proposition 2.42. Let G be a Grothendieck category, and let C be a closed subcategory of G.
(1) If G has a noetherian generator, then C also has a noetherian generator.
(2) If G has a projective generator, then C also has a projective generator.
(3) If G has exact direct products, then C also has exact direct products.
Proof. (1) As observed after Proposition 2.31, a generator of C is obtained as a quotient object of
a noetherian generator of G.
(2) Let U be a projective generator. By Proposition 2.31, the inclusion functor i∗ : C →֒ G has
a left adjoint i∗ : G → C and i∗U is the largest quotient object of U among those belonging to C.
i∗U is a generator in C. Since the functor HomC(i∗U,−) ∼= HomG(U, i∗(−)) : C → ModZ is exact,
i∗U is projective.
(3) Since direct products in C are the same as those taken in G, the exactness of direct products
in G implies that of C. 
3. Atomic properties
In this section we introduce three atomic properties, which are properties stated in terms of
atoms, of a Grothendieck category having a noetherian generator. They are analogous to the
reducedness, the irreducibility, and the integrality of schemes. These notions will be related to
those defined later in terms of molecules, and they turn out to give new characterizations of a
semiprime ring, a ring with a unique minimal prime, and a prime ring, respectively, among all
right noetherian rings.
We focus on minimal atoms, namely minimal elements of the atom spectrum, in order to define
the atomic properties. Throughout this section, let G be a Grothendieck category having a noe-
therian generator unless otherwise specified. Denote by AMin G the set of minimal atoms, namely
the minimal elements of ASpecG.
Recall that a compressible object in a Grothendieck category is a nonzero object H such that
every nonzero subobject of H contains some subobject isomorphic to H . For a commutative ring
R, every prime ideal p gives a compressible object R/p in ModR.
For each α ∈ ASpecG, define
V (α) := {β ∈ ASpecG | α ≤ β }.
This is not necessarily a localizing subset of ASpec G (see Remark 2.11).
Proposition 3.1. Let G be a locally noetherian Grothendieck category. Let H be a compressible
object in G. Then H is monoform and V (H) = ASuppH. In particular, V (H) is a localizing
subset of ASpec G.
Proof. Since H has a monoform subobject L (Proposition 2.3 (3)), H is isomorphic to a subobject
to L. So H itself is monoform.
By Proposition 2.9, V (H) is the intersection of all ASuppH ′, where H ′ runs over all nonzero
subobject of H . Since those H ′ has a subobject isomorphic to H , we have ASuppH ′ = ASuppH ,
and hence V (H) = ASuppH . 
In [Kan15c], we have obtained the following fundamental properties of minimal atoms:
Theorem 3.2. Let G be a Grothendieck category having a noetherian generator.
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(1) For each α ∈ ASpecG, there exists β ∈ AMinG satisfying β ≤ α.
(2) AMinG is a finite set and is discrete with respect to the localizing topology.
(3) For each α ∈ AMinG, there exists a compressible object H in G satisfying α = H.
As a consequence,
ASpec G = V (α1) ∪ · · · ∪ V (αn)
where AMinG = {α1, . . . , αn}.
Proof. [Kan15c, Theorem 4.1, Propositions 4.2 and 4.3, and Theorem 4.4]. 
Since each minimal atom is a closed point with respect to the localizing topology, the finite
set AMin G is a closed subset. By virtue of Theorem 2.18, we have the corresponding quotient
category:
Definition 3.3. Let G be a Grothendieck category having a noetherian generator. Define
the artinianization Gartin of G as the quotient category of G by the localizing subcategory
ASupp−1(ASpecG \AMinG).
Note that we have a canonical functor G → Gartin. By Theorem 2.20, ASpecGartin is canonically
homeomorphic to the discrete topological space AMinG. As the name indicates, the artinianization
is in fact a procedure to obtain a Grothendieck category having an artinian generator. It is known
that the existence of an artinian generator implies that the Grothendieck category is equivalent to
the category of right modules over a right artinian ring:
Theorem 3.4 (Năstăsescu [Năs81, Theorem 3.3], see also [MO87, Theorem 5.2]). Let G be a
Grothendieck category. Then the following are equivalent:
(1) G has an artinian generator.
(2) G has a generator of finite length.
(3) There exists a right artinian ring Λ satisfying G ∼= ModΛ.
Proposition 3.5. Let G be a Grothendieck category having a noetherian generator.
(1) Gartin has an artinian generator.
(2) ASupp−1(ASpec G \AMinG) is the smallest localizing subcategory with respect to the prop-
erty that the quotient category has an artinian generator.
(3) The canonical functor G → Gartin is an equivalence if and only if G has an artinian gener-
ator.
Proof. (1) This is shown in the proof of [Kan15c, Theorem 4.4].
(2) Let X be a localizing subcategory such that G/X has an artinian generator. Then it follows
from Theorem 3.4 and [Kan12, Proposition 8.2] that ASpec(G/X ) is a discrete finite set. Since
ASpec(G/X ) is canonically homeomorphic to the closed subset ASpecG \ASuppX of ASpecG, we
have ASpec G \ASuppX ⊂ AMinG. This shows that ASupp−1(ASpec G \AMinG) ⊂ X .
(3) “Only if” part follows from (1). If G has an artinian generator, then by (2), ASupp−1(ASpec G\
AMinG) = 0, and hence G → Gartin is an equivalence. 
On the other hand, the existence of a noetherian generator does not imply that the Grothendieck
category is the category of right modules over a ring (which should be a right noetherian ring). A
counter-example was given by Wu [Wu88].
Theorem 3.4 implies that every Grothendieck category having an artinian generator has exact
direct products. In particular, Gartin has exact direct products.
Every scheme X admits a unique reduced closed subscheme whose underlying space is the same
as X . There is an analogous notion for Grothendieck categories that is stated in terms of weakly
closed subcategories and atoms.
Theorem 3.6. Let G be a Grothendieck category having a noetherian generator. Then there exists
the weakly closed subcategory Ga-red of G that is smallest among those W satisfying ASuppW =
ASpecG. We call Ga-red the atomically reduced part of G.
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Proof. By Theorem 3.2, G has only finitely many minimal atoms α1, . . . , αn, and each αi is rep-
resented by a compressible object Hi. Let W := 〈H1, . . . , Hn〉w.cl. Since ASuppW is an upward-
closed subset containing all minimal atoms, ASuppW = ASpecG by Theorem 3.2 (1).
Every weakly closed subcategoryW ′ satisfying ASuppW ′ = ASpecG contains H1, . . . , Hn since
these are compressible. Hence W ⊂ W ′. 
Note that (Ga-red)a-red = Ga-red holds for every Grothendieck category G having a noetherian
generator. This leads us to focus on G with the property Ga-red = G. We introduce the atomic
properties, which is one of the main concepts of this paper:
Definition 3.7. Let G be a Grothendieck category having a noetherian generator.
(1) G is called atomically reduced if Ga-red = G.
(2) G is called atomically irreducible if AMinG consists of exactly one element.
(3) G is called atomically integral if G is atomically reduced and atomically irreducible.
Atomic integrality can be rephrased as follows:
Proposition 3.8. G is atomically integral if and only if there exists a monoform object H in G
such that the only weakly closed subcategory containing some nonzero subobject of H is G. If this
is the case, AMinG = {H} and H can be taken as a compressible object.
Proof. Assume that G is atomically integral. Then the atomic irreducibility implies that G has
a unique minimal atom, which is represented by a monoform object H . We can take H as a
compressible object by virtue of Theorem 3.2 (3). If W is a weakly closed subcategory containing
some nonzero subobject of H , then ASuppW is an upward-closed subset containing the unique
minimal atom H. Hence ASuppW = ASpec G and the atomic reducedness implies W = G.
Conversely, assume that there exists H satisfying the property in the statement. Since Ga-red
contains some subobject of H , Ga-red = G and hence G is atomically reduced. For every nonzero
subobject L of H , since 〈L〉w.cl contains L itself, 〈L〉w.cl = G. Hence ASuppL = ASupp〈L〉w.cl =
ASpecG. This implies that every atom in G is larger or equal to H . Therefore G is atomically
irreducible. 
These atomic properties are inherited to quotient categories:
Proposition 3.9. Let G be a Grothendieck category having a noetherian generator, and let X be
a localizing subcategory of G with X ( G. If G is atomically reduced, atomically irreducible, or
atomically integral, then so is G/X .
Proof. Let i∗ : G → G/X be the canonical functor.
Assume that G is atomically reduced. Let W ′ be a weakly closed subcategory of G/X satisfying
ASuppW ′ = ASpec(G/X ). Then
W := {M ∈ G | i∗M ∈ W ′ }
is a weakly closed subcategory of G such that i∗W = W ′ since i∗ is a dense functor. X ⊂ W
implies ASuppX ⊂ ASuppW . By [Kan15a, Proposition 5.6 (2)], ASpecG \ ASuppX , which is
identified with ASpec(G/X ), is also contained in ASuppW . Hence ASuppW = ASpecG. By the
atomic reducedness of G, we have W = G, and W ′ = G/X . Hence G/X is also atomically reduced.
The atomic irreducibility is inherited to G/X since ASpec(G/X ) is isomorphic to a downward-
closed subset of ASpecG as a partially ordered set. 
For the category of right modules over a right noetherian ring, the atomic properties are char-
acterized as follows:
Proposition 3.10. Let Λ be a right artinian ring.
(1) (ModΛ)a-red is the full subcategory of ModΛ that consists of all semisimple right modules.
ModΛ is atomically reduced if and only if Λ is a semisimple ring.
(2) ModΛ is atomically irreducible if and only if there exists exactly one isomorphism class of
simple right Λ-modules.
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(3) ModΛ is atomically integral if and only if Λ is a simple ring, or equivalently, Λ is Morita-
equivalent to a skew field.
Proof. (1) and (2) follows from the fact that ASpec(ModΛ) is in bijection with the set of isomor-
phism classes of simple right Λ-modules ([Kan12, Proposition 8.2]).
Consequently ModΛ is atomically integral if and only if there exists a simple right Λ-module
S such that every right Λ-module is a direct sum of copies of S. The latter property implies S
is a simple projective generator of ModΛ, and hence ModΛ ∼= ModEndΛ(S) where EndΛ(S) is
a skew field (see [Ste75, Example 2 in X.4]). It is known that every simple right artinian ring is
Morita-equivalent to a skew field [MR01, Theorem 1.10]. 
Let G be a Grothendieck category having a noetherian generator. Under the further assumption
that G has exact direct products, we will later show that Ga-red is also a Grothendieck category
having a noetherian generator. In the next proposition, we do not assume that G has exact direct
products, so there is no guarantee that Ga-red has a noetherian generator. However we define its
artinianization (Ga-red)artin in the same way as Definition 3.3.
Proposition 3.11. There exists a unique equivalence (Ga-red)artin ∼−→ (Gartin)a-red such that the
following diagram commutes:
Ga-red G Gartin
(Ga-red)artin (Gartin)a-red∼
.
Proof. Let i∗ : G ։ Gartin be the canonical functor. By the construction of Ga-red in Theorem 3.6,
i∗(Ga-red) = 〈i∗H1, . . . , i∗Hn〉w.cl
where H1, . . . , Hn are compressible objects representing all minimal atoms in G. Since each i∗Hj is
a compressible object of finite length, it is a simple object. Thus i∗(Ga-red) consists of all semisimple
objects in Gartin, which is equal to (Gartin)a-red.
Since ASpecGa-red and AMinGa-red are canonically identified with ASpec G and AMinG, respec-
tively, (Ga-red)artin is the quotient category by the localizing subcategory
ASupp(ASpec G \AMinG) ∩ASpecGa-red.
Hence by the universality of the quotient functor Ga-red ։ (Ga-red)artin, there exists a unique functor
(Ga-red)artin → Gartin that makes the following diagram commutative:
Ga-red G Gartin
(Ga-red)artin
.
The construction of the functor (Ga-red)artin → Gartin implies that it is fully faithful. The image of
this functor is i∗(Ga-red) = (Gartin)a-red. 
Example 3.12. Let k be a field, and let Λ be a k-algebra generated by x and y with relations
x2y = xyx = yx2 and xy2 = yxy = y2x. Then Λ/(x, y) = k[x, y] and (xy − yx) ∼= Λ/(xy − yx) =
k[x, y]/(x, y). Let W := Modk[x, y] that is regarded as a closed subcategory of ModΛ. We show
that W = ModΛ. The short exact sequence
0→ (xy − yx)→ Λ→ Λ
(xy − yx) → 0 (3.1)
where (xy − yx) ∼= k[x, y]/(x, y) and Λ/(xy − yx) ∼= k[x, y], implies
ASpec(ModΛ) = ASuppΛ = ASupp
k[x, y]
(xy − yx) ∪ASupp k[x, y] = ASuppW .
18 RYO KANDA
It also follows that Λ is right and left noetherian ring. Since k[x, y] is a commutative domain,
k[x, y] itself is a compressible object in Mod k[x, y] = W . Hence it is also a compressible object
in ModΛ. If W ′ is a weakly closed subcategory of ModΛ satisfying ASuppW ′ = ASpec G, then
in particular ASuppW ′ contains the atom represented by k[x, y], and hence W ′ contains k[x, y].
This implies W ⊂ W ′. Therefore (ModΛ)a-red =W = Mod k[x, y]. These observation can be also
verified by using one of our main theorems (Theorem 7.7 (2)), together with Proposition 6.5.
The short exact sequence (3.1) implies that the image of Λ in the artinianization (ModΛ)artin
is isomorphic to that of k[x, y]. Hence the image of (ModΛ)a-red in (ModΛ)artin is dense. By
applying Proposition 3.11, we obtain
((ModΛ)a-red)artin ∼−→ ((ModΛ)artin)a-red = (ModΛ)artin.
Since k[x, y] is a domain, the artinianization of Mod k[x, y] is the localization at the unique minimal
prime ideal (0). Therefore we conclude that (ModΛ)artin ∼= (Mod k[x, y])artin ∼= Mod k(x, y).
The existence of a noetherian generator is essential to define the artinianization and the atom-
ically reduced part. The following example shows that the definitions do not work well when we
replace the assumption with G being locally noetherian:
Example 3.13. Let k be a field. Regard k[x] as a positively graded k-algebra with deg x = 1 and
consider the category GrMod k[x] of Z-graded k[x]-modules. Denote the degree shift by (n) for
each n ∈ Z, that is, M(n)i =Mn+i for each M ∈ GrMod k[x] and i ∈ Z. Let S := k[x]/(x). Then
as described in [Kan15d, Example 3.4],
ASpec(GrMod k[x]) = {k[x]} ∪ {S(n) | n ∈ Z },
and all atoms in GrMod k[x] are minimal although GrModk[x] has no artinian generator.
Moreover, there does not exist a weakly closed subcategory that satisfies the characteristic
property of the atomically reduced part described in Theorem 3.6. Indeed, if W satisfies the
property, then it contains some nonzero subobject L of k[x] since k[x] is a monoform object
representing a minimal atom. L is isomorphic to some k[x](−i) with i ≥ 0. On the other hand,
W ′ := 〈{k[x](−i − 1)} ∪ {S(n) | n ∈ Z }〉w.cl is also a weakly closed subcategory satisfying
ASuppW ′ = ASpec(GrMod k[x]). For every object M in W ′, the degree-i component of M is
annihilated by x, and hence W ′ does not contain k[x](−i). This contradicts to the property of W .
In [Pap02], the notion of a topologically irreducible noncommutative space was introduced by
using the weak Zariski topology of the Gabriel spectrum. We rephrase the definition for a locally
noetherian Grothendieck category in terms of atoms. The weak Zariski topology of ASpecG is
defined as the weakest topology such that ASuppW is closed for all weakly closed subcategories
of G ([Pap02, Definition 4.6]). G is called topologically irreducible if ASpecG is an irreducible
topological space with respect to the weak Zariski topology ([Pap02, Definition 5.1]). It turns out
that this property is equivalent to the atomically irreducibility for a with the atomic irreducibility
for a Grothendieck category having a noetherian generator.
Proposition 3.14. Let G be a nonzero Grothendieck category having a noetherian generator. Then
the following are equivalent:
(1) G is atomically irreducible.
(2) G is topologically irreducible in the sense of [Pap02].
(3) For each localizing subsets Φ1 and Φ2 of ASpec G satisfying ASpecG = Φ1 ∪ Φ2, it follows
that ASpec G = Φ1 or ASpecG = Φ2.
(4) For each families {Φλ1}λ∈Λ1 and {Φλ2}λ∈Λ2 of localizing subsets of ASpec G satisfying
ASpec G = (⋂λ∈Λ1 Φλ1 ) ∪ (⋂λ∈Λ2 Φλ2 ), it follows that ASpec G = ⋂λ∈Λ1 Φλ1 or ASpec G =⋂
λ∈Λ2
Φλ2 .
Proof. Note that the set {ASuppW | W is a weakly closed subcategory of G } is equal to the set
of localizing subsets of ASpec G, and each localizing subset is upward-closed. The fact that the
set of localizing subsets is closed under finite unions (see also [Pap02, Lemma 4.5]) implies that
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a subset of ASpecG is closed with respect to the weak Zariski topology if and only if it can be
written as an intersection of localizing subsets. This shows (2)⇔(4). (4)⇒(3) is obvious.
(1)⇒(4): Take such families {Φλ1}λ∈Λ1 and {Φλ2}λ∈Λ2 . Then the unique minimal atom in G is
contained by
⋂
λ∈Λm
Φλm for some m = 1, 2. Since every atom is larger or equal to the minimal
atom, and
⋂
λ∈Λm
Φλm is upward-closed,
⋂
λ∈Λm
Φλm = ASpecG.
(3)⇒(1): Since G is nonzero, G has at least one minimal atoms. Write AMinG = {α1, . . . , αn}.
Then
ASpec G = V (α1) ∪ · · · ∪ V (αn)
by Theorem 3.2. The assumption implies that ASpec G = V (αi) for some i. This means n = 1,
and hence G is atomically irreducible. 
S.P. Smith [Smi01] called a locally noetherian Grothendieck category integral provided that
it has an indecomposable injective object I such that EndG(I) is a division ring and 〈I〉w.cl = G
([Smi01, Definition 3.1]). Such I is uniquely determined up to isomorphism ([Smi01, Corollary 3.7])
and is called the big injective in G. It was shown that for every noetherian scheme X , QCohX is
integral if and only if X is an integral scheme ([Smi01, Corollary 4.2]). For every right noetherian
ring Λ, if Λ is a prime ring then ModΛ is integral, but the converse does not hold true (see [Smi01,
Proposition 4.3] and the subsequent remarks). Pappacena showed that if ModΛ is integral and
reduced (molecularly reduced in our terminology), then Λ is a prime ring ([Pap02, Theorem 7.3]).
Our definition of integrality is different from Smith’s integrality. For every right noetherian
ring Λ, we will later show that Λ is a prime ring if and only if ModΛ is integral in our sense (see
Corollary 7.8 and the subsequent remarks). Although we do not establish comprehensive theory for
a Grothendieck category that may not have a noetherian generator, we will see that our definitions
of atomic properties also work for a locally noetherian scheme X , and it is shown that X is a
integral scheme if and only if QCohX is integral in our sense (Corollary 9.14 (3)).
We state a relationship between our integrality and Smith’s integrality.
Proposition 3.15. Let G be a Grothendieck category having a noetherian generator. If G is
atomically integral, then G is integral in the sense of [Smi01], and the injective envelope of the
unique minimal atom is the big injective in G.
Proof. Let H be a compressible object that represents the unique minimal atom. By Proposi-
tion 3.8, 〈H〉w.cl = 〈E(H)〉w.cl = G. Since Gartin is also atomically integral by Proposition 3.9, it
is equivalent to ModΓ for some skew field Γ by Proposition 3.10 (3). Hence a simple object S in
Gartin is injective. Let i∗ : Gartin → G be the canonical functor. Then i∗S is a monoform injective
object in G by [Kan15a, Proposition 4.11], and it represents the unique minimal atom in G. This
means that E(H) ∼= i∗S. Since i∗ is fully faithful,
EndG(E(H)) ∼= EndG(i∗S) ∼←− EndGartin(S).
Therefore EndG(E(H)) is a skew field. 
The following results will be used later:
Lemma 3.16 ([SV06, Lemma 1.7]). Let G be a Grothendieck category. Let {Hλ}λ∈Λ be a family
of uniform objects in G and L a subobject of ⊕λ∈ΛHλ. Then there exists Λ′ ⊂ Λ such that the
composite
L →֒
⊕
λ∈Λ
Hλ ։
⊕
λ∈Λ′
Hλ
is a monomorphism and L is an essential subobject of
⊕
λ∈Λ′ Hλ via this monomorphism.
Proposition 3.17. Let G be a Grothendieck category having a noetherian generator. If G
is atomically reduced, then for each object M and each essential subobject L of M , we have
ASupp(M/L) ∩AMinG = ∅.
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Proof. Let AMinG = {H1, . . . , Hn} where eachHi is a compressible object. Then 〈H1, . . . , Hn〉w.cl =
G. Since M is noetherian and each Hi is uniform, Lemma 3.16 implies that M is a quotient object
of an essential subobject N of a finite direct sum Hi1 ⊕ · · · ⊕ Hir , where i1, . . . , ir ∈ {1, . . . , n}.
Let π : N ։M be the canonical projection. Then π−1(L) is an essential subobject of N and
M
L
∼←− N
π−1(L)
→֒ Hi1 ⊕ · · · ⊕Hir
π−1(L)
.
Since π−1(L) is also an essential subobject of Hi1 ⊕ · · · ⊕ Hir , Hij ∩ π−1(L) 6= 0 for each j.
ASuppHij = V (Hij ) implies that ASuppHij ∩AMinG = {Hij}. Since Hij is monoform,
ASupp
Hij
Hij ∩ π−1(L)
∩AMinG = ∅.
Since we have the canonical epimorphism
r⊕
j=1
Hij
Hij ∩ π−1(L)
∼=
⊕r
j=1 Hij⊕r
j=1(Hij ∩ π−1(L))
։
Hi1 ⊕ · · · ⊕Hir
π−1(L)
,
it follows that
ASupp
M
L
⊂ ASupp Hi1 ⊕ · · · ⊕Hir
π−1(L)
⊂
r⋃
i=1
ASupp
Hij
Hij ∩ π−1(L)
⊂ ASpec G \AMinG.
This completes the proof. 
4. Molecule spectrum
In this section, we will introduce another spectrum of a Grothendieck category, which we call the
molecule spectrum. It is a generalization of the set of prime two-sided ideals of a right noetherian
ring. We will see in examples that the molecule spectrum has a different nature from the atom
spectrum. We start from the definition and basic properties of prime objects, which are used to
define the molecule spectrum.
Definition 4.1. Let G be a Grothendieck category.
(1) ([Smi02, Definition 4.3] and [Pap02, Definition 6.2]) A nonzero object H in G is called
prime if for every nonzero subobject L of H , we have 〈L〉cl = 〈H〉cl.
(2) We say that prime objects H1 and H2 are molecule-equivalent if 〈H1〉cl = 〈H2〉cl.
Proposition 4.2.
(1) Every nonzero subobject of a prime object is again prime.
(2) If G has a noetherian generator, then every nonzero object has a prime subobject.
(3) If H is a prime object, then 〈H〉cl is a prime closed subcategory of G.
Proof. (1) Obvious.
(2) Assume that there exists a nonzero object M that has no prime subobject. Since L0 := M
is not prime, there exists a nonzero subobject L1 of L0 such that 〈L0〉cl ) 〈L1〉cl. Repeating
this process, we obtain a strictly descending chain of closed subcategories, but this contradicts
Proposition 2.33.
(3) Since H is nonzero, 〈H〉cl is nonzero. Let C1 and C2 be closed subcategories of G satisfying
〈H〉cl ⊂ C1 ∗ C2. Since H ∈ C1 ∗ C2, there exists a short exact sequence
0→M1 → H →M2 → 0
whereMi ∈ Ci for each i. IfM1 is nonzero, then 〈H〉cl = 〈M1〉cl ⊂ C1. Otherwise 〈H〉cl = 〈M2〉cl ⊂
C2. Therefore 〈H〉cl is a prime closed subcategory. 
For a ring Λ, a right (or left) Λ-module H is called a prime module if every nonzero subobject
L of H satisfies AnnΛ(L) = AnnΛ(H). By virtue of Proposition 2.32 (4), the prime Λ-modules are
the prime objects in ModΛ. For every two-sided ideal of Λ, Λ/I ∈ModΛ is prime if and only if I
is a prime ideal.
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We define the molecule spectrum in a similar way to the atom spectrum.
Definition 4.3. Let G be a Grothendieck category. The molecule spectrum MSpec G of G is defined
as
MSpecG = {prime objects in G }
molecule equivalence
.
An molecule in G is an element of MSpec G. For each prime object H in G, its equivalence class is
denoted by H˜.
For each ρ = H˜ ∈ MSpec G, the prime closed subcategory 〈H〉cl is denoted by 〈ρ〉cl. This does
not depend on the choice of H because of the definition of a prime object. This operation relates
the molecule spectrum and prime closed subcategories as in the following proposition:
Proposition 4.4. Let G be a Grothendieck category.
(1) Assume that U is a projective generator of G and that G itself is a prime closed subcategory
of G. Then U is a prime object.
(2) The injection
MSpecG →֒ { prime closed subcategories of G }
∈ ∈
ρ 7→ 〈ρ〉cl
is bijective if G has a noetherian generator or a projective generator.
Proof. (1) Let L be a nonzero subobject of U . We show that 〈L〉cl = 〈U〉cl. Let L′ be the largest
subobject of U among those belonging to 〈L〉cl. Since it is enough to show that 〈L′〉cl = 〈U〉cl, we
can assume L′ = L. The short exact sequence
0→ L→ U → U
L
→ 0
implies G = 〈U〉cl ⊂ 〈L〉cl ∗ 〈U/L〉cl. Since G itself is a prime closed subcategory, G ⊂ 〈L〉cl or
G ⊂ 〈U/L〉cl. In the former case, 〈L〉cl = G = 〈U〉cl. We will show that the latter case does not
occur.
If the latter case occurs, U ∈ 〈U/L〉cl. Since the existence of a projective generator implies the
exactness of direct products, by Proposition 2.41, U is a quotient object of a subobject M of a
direct product
∏
λ∈Λ U/L of copies of U/L. Since the epimorphism M ։ U splits, there exists
a monomorphism U →֒ ∏λ∈Λ U/L. For each λ ∈ Λ, the corresponding morphism fλ : U → U/L
admits a morphism gλ : U → U that makes the following diagram commutative:
U
U
U
L
pi
fλ
gλ
where π is the canonical projection. Since gλ(L) is a quotient object of L, gλ(L) belongs to 〈L〉cl.
Due to the replacement of L in the beginning of the proof, gλ(L) ⊂ L, and hence fλ(L) = 0. This
means that L is in the kernel of the monomorphism U →֒∏λ∈Λ U/L. This is a contradiction.
(2) The injectivity always follows from the definition of a molecule. Let P be a prime closed
subcategory of G. We show that P belongs to the image of the injection under each assumption.
If G has noetherian generator, then by Proposition 2.42 (1), P also has a noetherian generator
U . In particular 〈U〉cl = P . Take a maximal subobject L of U among those satisfying 〈U/L〉cl = P ,
and let H := U/L. Then for every nonzero subobject H ′ of H , the short exact sequence
0→ H ′ → H → H
H ′
→ 0
implies P = 〈H〉cl ⊂ 〈H ′〉cl ∗ 〈H/H ′〉cl. Since P is a prime closed subcategory and 〈H/H ′〉cl ( P
from the maximality of L, we obtain 〈H ′〉cl = P = 〈H〉cl. HenceH is a prime object and P = 〈H˜〉cl.
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If G has projective generator, then by Proposition 2.42 (2), P also has a projective generator
U . In particular 〈U〉cl = P . Since P itself is a prime closed subcategory of P , by (1), U is a prime
object. 
We define a partial order on the molecule spectrum in the way that it becomes a generalization
of the inclusion of prime two-sided ideals of a ring.
Definition 4.5. Define a partial order ≤ on MSpecG by
ρ ≤ σ ⇐⇒ 〈ρ〉cl ⊃ 〈σ〉cl.
For each ρ ∈MSpec G, define
V (ρ) := {σ ∈ MSpecG | ρ ≤ σ }.
For a ring Λ, SpecΛ denotes the set of prime two-sided ideals.
Proposition 4.6. Let Λ be a ring. Then there is an isomorphism
(SpecΛ,⊂) ∼−→ (MSpecG,≤), P 7→ Λ˜/P
of partially ordered sets.
Proof. This follows from Proposition 4.4 and Proposition 2.32. 
We have seen that ASpecG satisfies the ascending chain condition if G is locally noetherian. An
analogous result holds for MSpecG:
Proposition 4.7. Let G be a Grothendieck category having a noetherian generator. Then MSpec G
satisfies the ascending chain condition.
Proof. This is a consequence of Proposition 4.4 (2) and Proposition 2.33. 
Properties of minimal elements of MSpecG will be discussed in section 6.
From now on, let G be a locally noetherian Grothendieck category.
Definition 4.8. Let M be an object in G.
(1) The set MAssM of associated molecules of M is defined by
MAssM = { H˜ ∈MSpec G | H is a prime subobject of M }.
(2) The molecule support MSuppM of M is defined by
MSuppM = { ρ ∈ MSpecG | 〈ρ〉cl ⊂ 〈M ′〉cl for some noetherian subquotient M ′ of M }.
Let Λ be a ring and M ∈ ModΛ. Recall that an associated prime (also called an affiliated
prime) of M is a prime two-sided ideal that arises as the annihilator of some prime submodule
of M . The set of associated primes of M is denoted by AssΛM . Associated molecules are a
generalization of associated primes to a Grothendieck category. These notions satisfy the following
expected properties:
Proposition 4.9. Let G be a locally noetherian Grothendieck category.
(1) For each exact sequence 0→ L→M → N → 0 in G, the following hold:
(a) MAssL ⊂ MAssM ⊂ MAssL ∪MAssN .
(b) MSuppM = MSuppL ∪MSuppN .
(2) Let {Lλ}λ∈Λ be a filtered set of subobjects of M ∈ G. Then
MAss
⋃
λ∈Λ
Lλ =
⋃
λ∈Λ
MAssLλ and MSupp
⋃
λ∈Λ
Lλ =
⋃
λ∈Λ
MSuppLλ.
(3) For every family {Mλ}λ∈Λ of objects in G,
MAss
⊕
λ∈Λ
Mλ =
⋃
λ∈Λ
MAssMλ and MSupp
⊕
λ∈Λ
Mλ =
⋃
λ∈Λ
MSuppMλ.
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(4) For every prime object H in G, MSuppH = V (H˜).
(5) For every object M in G, MAssM ⊂ MSuppM and
MSuppM = { ρ ∈MSpecG | 〈ρ〉cl ⊂ 〈M ′〉cl for some noetherian subobject M ′ ⊂M }.
Proof. Since the statements on associated molecules can be shown similarly to the case of associated
atoms, we only prove the claims on molecule supports.
(1) (b) “⊃” is clear. Let ρ ∈ MSuppM . Then there exists a noetherian subquotient M ′ of M
satisfying 〈ρ〉cl ⊂ 〈M ′〉cl. By [Kan12, Proposition 2.4 (5)], there exists a short exact sequence
0→ L′ →M ′ → N ′ → 0
where L′ and N ′ are subquotients of L and N , respectively. 〈ρ〉cl ⊂ 〈M ′〉cl ⊂ 〈L′〉cl ∗ 〈N ′〉cl. Since
〈ρ〉cl is a prime closed subcategory, 〈ρ〉cl ⊂ 〈L′〉cl or 〈ρ〉cl ⊂ 〈N ′〉cl holds. Hence ρ ∈ MSuppL or
ρ ∈MSuppN .
(3) can be shown similarly to the case of atoms (see [Kan12, Proposition 5.6]). (2) follows from
(1) and (3).
(4) Since G is locally noetherian, H has a nonzero noetherian subobject H ′, which is again
prime. For each ρ ∈ MSuppH , 〈ρ〉cl ⊂ 〈H〉cl = 〈H ′〉cl. Hence MSuppH = MSuppH ′, and the
claim follows from 〈H ′〉cl = 〈H˜〉cl.
(5) Each ρ ∈ MAssM is represented by a prime subobject H and we can assume that H is
noetherian by replacing it with a nonzero noetherian subobject. Then ρ = H˜ ∈ MSuppH ⊂
MSuppM . This shows MAssM ⊂ MSuppM .
M can be written as M =
∑
λ∈ΛM
′
λ where each M
′
λ is a noetherian subobject of M . Hence
MSuppM =
⋃
λ∈Λ
MSuppM ′λ =
⋃
λ∈Λ
{ ρ ∈ MSpecG | 〈ρ〉cl ⊂ 〈M ′λ〉cl }.
Thus the claim follows. 
Remark 4.10. While the definition of MAssM is quite similar to AAssM , the definition of
MSuppM is more sensitive. Indeed, the following changes of the definition might yield different
consequences:
(1) If we define MSuppM as
Φ := { ρ ∈MSpecG | 〈ρ〉cl ⊂ 〈M〉cl },
then this is no more a generalization of the usual support of modules over a commutative
noetherian ring.
Indeed, consider ModZ and let M :=
⊕
p(Z/pZ) where p runs over all prime numbers.
Then the usual support is
SuppM =
⋃
p
Supp
Z
pZ
= SpecZ \ {(0)}.
On the other hand, since the canonical projections Z → Z/pZ induce a monomorphism
Z →֒∏p Z/pZ, we have 〈M〉cl = ModZ. Therefore Φ = MSpec(ModZ).
(2) If we define MSuppM as
Φ := { H˜ ∈MSpecG | H is a subquotient of M that is a prime object },
then there is no guarantee that Φ is an upward-closed subset of MSpec G, while the original
MSuppM is always upward-closed.
If G is locally noetherian, then Φ is contained in MSuppM of Definition 4.8 (2) since
every prime object has a nonzero noetherian subobject, which is again prime.
If G is a Grothendieck category having a noetherian generator and M is a nonzero object in
G, then it follows from Proposition 4.2 (2) that MAssM is not empty. As the following example
shows, the assumption of the existence of a noetherian generator cannot be replaced by G being
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Example 4.11. This example is a paraphrase of [Pap02, Example 6.3]. Consider GrMod k[x] as
in Example 3.13. We describe its molecule spectrum. Let ρ = H˜ ∈ MSpecG. Since GrModk[x] is
locally noetherian, H can be taken as a monoform object. By the description of the atom spectrum,
H contains either a simple object S(j) for some j ∈ Z, or a nonzero subobject of k[x]. The latter
case does not occur. Indeed, each nonzero subobject of k[x] is isomorphic to k[x](−i) for some
i ≥ 0 and
〈k[x](−i)〉cl = {M ∈ GrModk[x] |Mn = 0 unless i ≥ n }.
Hence k[x](−i) is not a prime object. Therefore
MSpec(GrMod k[x]) = { S˜(n) | n ∈ Z }
where S˜(n) are distinct for different n since 〈S(n)〉cl consists of all graded modules concentrated
in degree −n.
Since k[x] has no prime subobject, MAss k[x] = ∅.
It will be shown in Proposition 7.1 that MAssM is a finite set if M is a noetherian object of G.
5. Classification of locally closed subcategories
In this section, we define a topology of the molecule spectrum as we did for the atom spectrum,
and establish a classification of subcategories that is analogous to Theorem 2.18.
Definition 5.1. Let G be a locally noetherian Grothendieck category. A subset Φ of MSpec G is
called a localizing subset if Φ = MSuppM for some M ∈ G.
The next result shows that the localizing subsets of the molecule spectrum are characterized as
the upward-closed subsets, in contrast to the case of the atom spectrum (see Remark 2.11):
Theorem 5.2. Let G be a locally noetherian Grothendieck category, and let Θ be a subset of
MSpecG. Then the following are equivalent:
(1) Θ = MSuppM for some M ∈ G.
(2) For each ρ ∈ Θ, there exists M ∈ G satisfying ρ ∈MSuppM ⊂ Θ.
(3) For each ρ ∈ Θ, there exists a prime object H in G satisfying H˜ = ρ and MSuppH ⊂ Θ.
(4) Θ is an upward-closed subset of MSpecG.
Proof. (1)⇒(2): Trivial.
(2)⇒(3): Let ρ = H˜ ∈ Θ. Then by the assumption, there exists M ∈ G and its noetherian
subquotient M ′ satisfying ρ ∈ MSuppM ⊂ Θ and 〈ρ〉cl ⊂ 〈M ′〉cl. Since each σ ∈ MSuppH
satisfies
〈σ〉cl ⊂ 〈H〉cl = 〈ρ〉cl ⊂ 〈M ′〉cl,
σ ∈ MSuppM ⊂ Θ. Therefore MSuppH ⊂ Θ.
(3)⇒(4): This holds since each MSuppH is upward-closed.
(4)⇒(1): Write Θ = {ρλ}λ∈Λ. For each λ ∈ Λ, take a noetherian prime object Hλ that
represents ρλ. Then MSuppHλ = V (ρλ). Therefore
MSupp
⊕
λ∈Λ
Hλ =
⋃
λ∈Λ
MSuppHλ = Θ. 
The set of localizing subsets of MSpec G satisfies the axioms of open subsets of MSpecG, and
we call it the localizing topology on MSpecG. The specialization order associated to this topology
is exactly the partial order that we defined in Definition 4.5.
We introduce a class of subcategories, which naturally arises in the classification using the
molecule spectrum.
Definition 5.3. Let G be a Grothendieck category. A weakly closed subcategory C of G is called
locally closed if there exists a filtered set {Cλ}λ∈Λ of closed subcategories of G satisfying C =
〈⋃λ∈Λ Cλ〉w.cl.
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Locally closed subcategories have the following characterization if G is locally finitely generated
(see the definition before Proposition 2.36), in particular, if G is locally noetherian or is the category
of modules over a ring.
Proposition 5.4. Let G be a locally finitely generated Grothendieck category.
(1) A weakly closed subcategory W of G is locally closed if and only if every finitely generated
object M belonging to W satisfies 〈M〉cl ⊂ W.
(2) For every full subcategory Y of G,
〈 〈M〉cl |M is a finitely generated object belonging to Y 〉w.cl
is the smallest locally closed subcategory containing Y.
Proof. (1) Assume that W is locally closed, and take a filtered set {Cλ}λ∈Λ of closed subcategories
satisfying W = 〈⋃λ∈Λ Cλ〉w.cl. Let M be a finitely generated object belonging to W . Then M is a
quotient object of a subobject L of a filtered union
⋃
λ∈ΛNλ, where Nλ ∈ Cλ. By the axioms of a
Grothendieck category, L =
⋃
λ∈Λ(L ∩Nλ). Since M is finitely generated, M is a quotient object
of L ∩Nλ for some λ. This implies M ∈ Cλ, and hence 〈M〉cl ⊂ Cλ ⊂ W .
Conversely, assume the latter condition. Let
{Cλ}λ∈Λ := { 〈M〉cl |M is a finitely generated object belonging to W }.
Then {Cλ}λ∈Λ is a filtered set since finite direct sums of finitely generated objects are again finitely
generated. Since G is locally finitely generated, every object inW can be written as a sum of finitely
generated subobjects. Hence C = 〈⋃λ∈Λ Cλ〉w.cl.
(2) follows from (1). 
Recall that for a ring Λ, the weakly closed subcategories of ModΛ are in bijection with the
prelocalizing filters of right ideals of Λ. By restricting this bijection, we obtain a description of
locally closed subcategories. A filter of two-sided ideals of Λ is a set of two-sided ideals that is
upward-closed and closed under finite intersections.
Proposition 5.5. Let Λ be a ring. Then there are order-preserving bijections between the following
sets:
(1) The set of locally closed subcategories of ModΛ.
(2) The set of prelocalizing filters F of right ideals of Λ such that for each L ∈ F , there exists
a two-sided ideal I of Λ satisfying I ⊂ L and I ∈ F .
(3) The set of filters of two-sided ideals of Λ.
The bijection (1) ∼−→(2) is induced from the bijection in Theorem 2.16.
Proof. Taking Proposition 2.32 (1) into account, under the bijection in Theorem 2.16, a prelocaliz-
ing filter F of right ideals corresponds to a locally closed subcategory if and only if F = ⋃λ∈ΛF(Iλ)
for some set {Iλ}λ∈Λ of two-sided ideals that is filtered with respect to the reversed inclusion order.
Since every prelocalizing filter is closed under finite intersections, we can eliminate the condition
of {Iλ}λ∈Λ being filtered.
The bijection (2) ∼−→(3) is obtained by sending an element F of (2) to the set of two-sided ideals
belonging to F . The inverse map is given by {Iλ}λ∈Λ 7→
⋃
λ∈ΛF(Iλ). 
For the category of modules over a commutative ring, locally closed subcategories do not provide
a new concept:
Proposition 5.6. Let R be a commutative ring. Then every weakly closed subcategory of ModR
is locally closed.
Proof. Since every right ideal of R is two-sided, the claim follows from Theorem 2.16 and Propo-
sition 5.5. 
Analogously to the case of atoms, we can relate subcategories of G and subsets of MSpecG.
Proposition 5.7. Let G be a locally noetherian Grothendieck category.
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(1) For each full subcategory X of G,
MSuppX :=
⋃
M∈X
MSuppM
is a localizing subset of MSpecG.
(2) For each subset Θ of MSpecG,
MSupp−1 Θ := {M ∈ G | MSuppM ⊂ Θ }
is a locally closed localizing subcategory of G.
Proof. (1) This follows from Theorem 5.2.
(2) MSupp−1 Θ is localizing by Proposition 4.9 (1) and (3). We prove that it is locally closed
using Proposition 5.4 (1). Let M be a noetherian object in MSupp−1 Θ. For each N ∈ 〈M〉cl and
each ρ ∈ MSuppN ,
〈ρ〉cl ⊂ 〈N〉cl ⊂ 〈M〉cl.
Since M is noetherian, ρ ∈ MSuppM . This shows MSuppN ⊂ MSuppM ⊂ Θ, and hence
N ∈ MSupp−1 Θ. Therefore 〈M〉cl ⊂ MSupp−1 Θ and the claim follows from Proposition 5.4
(1). 
Proposition 5.8. Let G be a locally noetherian Grothendieck category and let C be a locally closed
subcategory of G.
(1) MSupp C = { ρ ∈ MSpecG | 〈ρ〉cl ⊂ C }.
(2) If H is a prime object in C, then 〈H〉cl defined in G is the same as that defined in C, and
H is also a prime object in G.
(3) The map MSpec C → MSpecG given by H˜ 7→ H˜ induces an isomorphism MSpec C ∼−→
MSupp C of partially ordered sets, which is also a homeomorphism.
Proof. (1) “⊂” follows from Proposition 5.4 (1). Let ρ ∈MSpec G with 〈ρ〉cl ⊂ C. Since G is locally
noetherian, ρ is represented by a noetherian prime object H in G. Then H ∈ 〈H〉cl = 〈ρ〉cl ⊂ C,
and hence ρ ∈MSuppH ⊂ MSupp C.
(2) Let H ′ be a nonzero noetherian subobject of H . 〈H〉cl defined in C is denoted by 〈H〉Ccl.
Since H is a prime object in C, 〈H ′〉Ccl = 〈H〉Ccl. The noetherianity of H ′ ensures that 〈H ′〉Gcl ⊂ C,
and hence 〈H ′〉Ccl = 〈H ′〉Gcl. Since H ∈ 〈H〉Ccl = 〈H ′〉Gcl and 〈H ′〉Gcl ⊂ 〈H〉Gcl, we obtain
〈H〉Ccl = 〈H ′〉Ccl = 〈H ′〉Gcl = 〈H〉Gcl.
(3) This follows from (2). Use Theorem 5.2 to see the map is also a homeomorphism. 
The following is the analogue of Theorem 2.18 in terms of molecules:
Theorem 5.9. Let G be a Grothendieck category having a noetherian generator. Then there is an
order-preserving bijection
{ locally closed localizing subcategories of G } ∼−→ { localizing subsets of MSpecG }
∈ ∈
X 7→ MSuppX
.
The inverse map is given by Θ 7→ MSupp−1 Θ.
Proof. Let X be a locally closed localizing subcategories of G. X ⊂ MSupp−1(MSuppX ) is obvious.
Let M ∈ MSupp−1(MSuppX ). Take the largest subobject L of M among those belonging to X .
If M/L is nonzero, then by Proposition 4.2 (2), it has a noetherian prime subobject H = L′/L.
Since H˜ ∈ MSuppM ⊂ MSuppX , H ∈ 〈H〉cl ⊂ X by Proposition 5.8 (1). This implies that L′
also belongs to X , but this contradicts the maximality of L. Therefore X = MSupp−1(MSuppX ).
Let Θ be a localizing subset of MSpec G. MSupp(MSupp−1 Θ) ⊂ Θ is obvious. For each
ρ = H˜ ∈ Θ, by Proposition 4.9 (4), MSuppH ⊂ Θ. Hence H ∈ MSupp−1 Θ and ρ ∈ MSuppH ⊂
MSupp(MSupp−1 Θ). 
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Corollary 5.10. Let G be a Grothendieck category having a noetherian generator.
(1) For each full subcategory X of G, the full subcategory MSupp−1(MSuppX ) of G is the
smallest locally closed localizing subcategory among those containing X .
(2) For each subset Θ of MSpecG, the subset MSupp(MSupp−1 Θ) of MSpecG is the smallest
localizing subset among those containing Θ.
Proof. (1) Let Y be the smallest locally closed localizing subcategory containing X . Then
MSuppX ⊂ MSuppY are both localizing subsets of MSpecG, and MSupp−1(MSuppX ) ⊂
MSupp−1(MSuppY) = Y by Theorem 5.9. Since MSupp−1(MSuppX ) is a locally closed localizing
subcategory containing X , the claim follows.
(2) can be shown similarly to (1). 
For a right noetherian ring, the result can be stated in terms of prime two-sided ideals:
Corollary 5.11. Let Λ be a right noetherian ring. Then we have an order-preserving bijection
{ locally closed localizing subcategories of ModΛ } ∼−→ { upward-closed subsets of SpecΛ }
∈ ∈
X 7→ {P ∈ SpecΛ | Λ/P ∈ X }
.
Proof. This follows from Theorem 5.9, Proposition 4.6, and Proposition 5.8 (1). 
6. Molecular properties
In this section we introduce three molecular properties: reducedness, irreducibility, and inte-
grality of a Grothendieck category. In contrast to atomic properties, for a right noetherian ring Λ,
these molecular properties are easily interpreted as ring-theoretic properties of Λ since two-sided
ideals can also be generalized as closed subcategories.
Throughout this section, let G be a Grothendieck category having a noetherian generator. De-
note by MMinG the set of minimal molecules in G.
Proposition 6.1.
(1) For each ρ ∈MSpec G, there exists σ ∈MMinG satisfying σ ≤ ρ.
(2) MMinG is a finite set and is discrete with respect to the localizing topology.
Proof. (1) Since there is an order-reversing bijection between MSpecG and the set of prime closed
subcategories of G (Proposition 4.4 (2)), the claim follows from Proposition 2.38.
(2) The finiteness follows from Proposition 2.39. By Theorem 5.2, each minimal element is a
closed point. 
We define the radical of closed subcategory as a generalization of the radical of two-sided ideals
of a right noetherian ring. The molecularly reduced part of G, which generalizes the prime radical
of the ring, is defined as its special case. These notions have more characterization than those for
atoms.
Proposition 6.2. Let G be a Grothendieck category having a noetherian generator.
(1) For each closed subcategory C of G, there exists the closed subcategory √C that is smallest
among those D satisfying the following equivalent properties:
(a) MSuppD = MSupp C.
(b) 〈ρ〉cl ⊂ D for all ρ ∈MSupp C.
(c) 〈ρ〉cl ⊂ D for all ρ ∈MMin C.
(d) C ⊂ D∗n for some n ≥ 1, where D∗n := D ∗ · · · ∗ D︸ ︷︷ ︸
n
.
√C is called the radical of C. (MMin C is regarded as a subset of MSpec G via Proposi-
tion 5.8 (3).)
(2) The radical
√G of G itself is the closed subcategory that is smallest among those D satisfying
the following equivalent properties:
28 RYO KANDA
(a) MSuppD = MSpecG.
(b) 〈ρ〉cl ⊂ D for all ρ ∈MSpec G.
(c) 〈ρ〉cl ⊂ D for all ρ ∈MMinG.
(d) G = D∗n for some n ≥ 1.√G is called the molecularly reduced part of G and is denoted by Gm-red.
Proof. (1) Equivalences between (a), (b), and (c) follow from Proposition 5.8 (1) and Proposi-
tion 6.1 (1).
(d)⇒(b) follows from the definition of a prime closed subcategory.
(b)⇒(d): This is obvious if C = 0. Otherwise, by Proposition 2.37, there exist prime closed
subcategories P1, . . . ,Pn of G satisfying C ⊂ P1 ∗ · · · ∗ Pn and P1, . . . ,Pn ⊂ C. For each i, there
exists ρi ∈ MSpecG such that Pi = 〈ρi〉cl. Pi ⊂ C implies ρi ∈ MSupp C. By the assumption,
Pi = 〈ρi〉cl ⊂ D. Hence C ⊂ D∗n.
The smallest closed subcategory among those satisfying (b) obviously exists.
(2) This is a special case of (1). 
Remark 6.3. Note that the definition of the molecularly reduced part agrees with the reduced
noncommutative subspace Xred defined in [Pap02, Proposition 6.14]. Indeed, the property (2) (b)
in Proposition 6.2 is equivalent to that D contains all prime objects in G.
Remark 6.4. Let C be a closed subcategory of G. The definition of √C does not depend on
whether we think C as a subcategory of G or as that of C, and moreover
√√C = √C. In particular,
(Gm-red)m-red =
√√G = √G = Gm-red. Note that √C (in particular Gm-red) also has a noetherian
generator by Proposition 2.42 (1).
Let Λ be a ring. Recall that the radical of a two-sided ideal I of Λ is defined as the intersection
of all prime two-sided ideals P containing I.
√
0 is called the prime radical of Λ.
Proposition 6.5. Let Λ be a right noetherian ring.
(1) For every two-sided ideal I of Λ,
√
Mod(Λ/I) = Mod(Λ/
√
I).
(2) (ModΛ)m-red = Mod(Λ/
√
0).
Proof. (1) can be shown by interpreting the characterization of the radical Proposition 6.2 (1) (b)
in terms of two-sided ideals using Proposition 2.32 (2) and Proposition 4.6. (2) is a special case of
(1). 
Now we introduce the molecular properties of Grothendieck categories in the same way as the
atomic properties.
Definition 6.6. Let G be a Grothendieck category having a noetherian generator.
(1) G is called molecularly reduced if Gm-red = G.
(2) G is called molecularly irreducible if MMinG consists of exactly one element.
(3) G is called molecularly integral if G is molecularly reduced and molecularly irreducible.
The molecular integrality is characterized in terms of a prime closed subcategory by the next
result. This corresponds to the fact that for a two-sided ideal I of a ring Λ, Λ/I is a prime ring if
and only if I is a prime ideal.
Proposition 6.7. Let G be a Grothendieck category having a noetherian generator. Then a closed
subcategory P of G is prime if and only if the Grothendieck category P is molecularly integral. In
particular, G is molecularly integral if and only if G itself is a prime closed subcategory of G.
Proof. If P is a prime closed subcategory of G, then P is a prime closed subcategory of P itself.
It corresponds to the unique minimal molecule of P , and Pm-red = P . Hence P is molecularly
integral.
Conversely, if P is molecularly integral, then P has the unique minimal molecule ρ and Pm-red =
P . By the characterization Proposition 6.2 (1) (c), Pm-red = 〈ρ〉cl, and hence P is a prime
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closed subcategory of P . If C1 and C2 are closed subcategories of G satisfying P ⊂ C1 ∗ C2,
then P ⊂ (C1 ∩ P) ∗ (C2 ∩ P) holds and it implies P ⊂ Ci ∩ P ⊂ Ci for some i = 1, 2. Therefore P
is also a prime closed subcategory of G. 
We relate the molecular properties to ring-theoretic properties. Recall that a ring Λ is called a
semiprime ring if
√
0 = 0. Λ is called a prime ring if the zero ideal is a prime ideal.
Proposition 6.8. Let Λ be a right noetherian ring.
(1) ModΛ is molecularly reduced if and only if Λ is a semiprime ring.
(2) ModΛ is molecularly irreducible if and only if the prime radical
√
0 of Λ is a prime ideal,
or equivalently, Λ has exactly one minimal two-sided prime ideal.
(3) ModΛ is molecularly integral if and only if Λ is a prime ring.
Proof. (1) follows from Proposition 6.5 (2), and (2) follows from Proposition 4.6. (3) is a conse-
quence of them. 
It is known that the properties of a ring Λ being semiprime, having a unique minimal prime,
and being prime are Morita invariant properties. These can also be deduced from Proposition 6.8.
On the other hand, since the property being a domain (i.e. Λ 6= 0, and ab ∈ Λ implies a ∈ Λ or
b ∈ Λ) is not a Morita invariant, it cannot be generalized as a molecular (nor an atomic) property.
7. Atom-molecule correspondence
In this section we will state our main results in this paper. We will establish maps between
the atom spectrum and the molecule spectrum, and show that the atomic properties and the
molecular properties agree for a certain class of Grothendieck categories, including ModΛ for all
right noetherian ring Λ.
Let G be a Grothendieck category having a noetherian generator. For each α ∈ ASpec G, there
exists a prime monoform object H in G satisfying α = H by Proposition 2.3 and Proposition 4.2.
ϕ(α) := H˜ ∈ MSpecG does not depend on the choice of such H . This defines a canonical map
ϕ : ASpecG → MSpecG.
In order to show that ϕ is a continuous map with respect to the localizing topologies, we observe
its relationship with supports.
Proposition 7.1. Let G be a Grothendieck category having a noetherian generator.
(1) For every object M in G, we have
ϕ(AAssM) = MAssM and ϕ(ASuppM) ⊂ MSuppM.
If M is noetherian, then AAssM and MAssM are finite sets.
(2) For every locally closed subcategory C of G, we have ASupp C = ϕ−1(MSupp C).
Proof. (1) ϕ(AAssM) = MAssM follows from the fact that every nonzero object has a prime
monoform subobject.
Each ρ ∈ ϕ(ASuppM) is represented by a noetherian prime monoform subquotient H of M .
Hence ρ ∈ MSuppH ⊂ MSuppM .
If M is noetherian, then AAssM is a finite set by [Kan12, Remark 3.6]. Hence MAssM is also
a finite set.
(2) By (1), ASupp C ⊂ ϕ−1(MSupp C). Let α ∈ ϕ−1(MSupp C) and take a prime monoform
object H representing α. Then by Proposition 5.8 (1), 〈H〉cl ⊂ C. In particular H ∈ C. This shows
that α = H ∈ ASupp C. 
Proposition 7.2. Let G be a Grothendieck category having a noetherian generator. Then
ϕ : ASpec G → MSpec G is a surjective continuous map with respect to the localizing topologies.
It is also a homomorphism of partially ordered sets.
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Proof. By Theorem 5.9, every localizing subset of MSpecG is of the form MSuppX for some locally
closed localizing subcategory X of G. Proposition 7.1 (2) implies that ϕ−1(MSuppX ) = ASuppX ,
which is a localizing subset of ASpecG. Therefore ϕ is a continuous map. It is surjective since
every prime object has a monoform subobject.
Assume that α, β ∈ ASpecG satisfies α ≤ β. Then the closure Ω of ϕ(β) consists of all molecules
smaller or equal to ϕ(β). Since ϕ is continuous, ϕ−1(Ω) is a closed subset of ASpec G. Since ϕ−1(Ω)
contains β, it also contains α. ϕ(α) ∈ Ω implies ϕ(α) ≤ ϕ(β). 
The following results form a half part of our main theorem. These can be shown without
assuming the exactness of direct products.
Proposition 7.3. Let G be a Grothendieck category having a noetherian generator.
(1) ϕ(AMin G) ⊃MMinG.
(2) ([Pap02, Proposition 6.17 (a)]) Ga-red ⊂ Gm-red.
Proof. (1) Let ρ ∈ MMinG. Since ϕ is surjective, there exists α ∈ ASpecG such that ϕ(α) = ρ.
By Theorem 3.2 (1), there exists β ∈ AMinG satisfying β ≤ α. Since ϕ is a homomorphism of
partially ordered sets, ϕ(β) ≤ ϕ(α) = ρ. The minimality of ρ concludes ρ = ϕ(β) ∈ ϕ(AMinG).
(2) By definition, MSupp(Gm-red) = MSpecG. Hence by Proposition 7.1 (2), ASupp(Gm-red) =
ϕ−1(MSupp(Gm-red)) = ϕ−1(MSpecG) = ASpecG. Hence Ga-red ⊂ Gm-red by the definition of
Ga-red. 
Proposition 7.4. Let G be a Grothendieck category having a noetherian generator. If G is atomi-
cally integral (resp. atomically reduced, atomically irreducible), then G is molecularly integral (resp.
molecularly reduced, molecularly irreducible).
Proof. These follow from Proposition 7.3. 
The next lemma is the key for our main results. The exactness of direct products, which will
be assumed in the main results, is only used to ensure Lemma 7.5 (2) via Proposition 2.41.
Lemma 7.5. Let G be a Grothendieck category having a noetherian generator.
(1) Let {Mλ}λ∈Λ be a family of objects in G satisfying AAssMλ ⊂ AMinG for all λ ∈ Λ.
Then for every noetherian subobject L of
∏
λ∈ΛMλ, there exist a finite number of indices
λ1, . . . , λn ∈ Λ such that L ⊂
⊕n
i=1 Mλi .
(2) Assume that G has exact direct products. Then for every M ∈ G satisfying AAssM ⊂
AMinG, we have 〈M〉w.cl = 〈M〉cl.
Proof. (1) For each λ ∈ Λ, let fλ be the composite L →֒
∏
λ∈ΛMλ ։Mλ. Then
⋂
λ∈ΛKer fλ = 0.
We take λ1, . . . , λn ∈ Λ inductively as follows: We can assume that Λ 6= ∅. Take λ1 ∈ Λ arbitrarily.
Assume that we have fixed λ1, . . . , λm. If Lm :=
⋂m
i=1 Ker fλi = 0, then by letting n := m the
proof completes. Otherwise, we can take λm+1 ∈ Λ such that Lm ∩Ker fλm+1 ( Lm. Then
0 6= Lm
Lm ∩Ker fλm+1
∼= Lm +Ker fλm+1
Ker fλm+1
⊂ L
Ker fλm+1
∼= Im fλm+1 ⊂Mλm+1
and by the assumption, AAss(Lm/(Lm ∩Ker fλm+1)) contains a minimal atom in G.
If this procedure does not terminate, then we obtain the descending chain L ⊃ L1 ⊃ L2 ⊃ · · ·
such that ASupp(Li/Li+1) contains a minimal atom in G for each i ≥ 1. Let i∗ : G → Gartin be the
artinianization. Then i∗L ⊃ i∗L1 ) i∗L2 ) · · · since
ASupp
i∗Li
i∗Li+1
= ASupp i∗
(
Li
Li+1
)
= ASupp
Li
Li+1
∩AMinG 6= ∅.
Since L is noetherian, i∗L is a noetherian object in Gartin and hence it has finite length. This is a
contradiction. Therefore the procedure eventually terminates.
(2) By Proposition 2.41, it is enough to show that arbitrary direct products
∏
λ∈ΛM of copies
of M belong to 〈M〉w.cl. Since G has a noetherian generator,
∏
λ∈ΛM is written as the sum of
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all noetherian subobjects. Since each noetherian subobject is contained in 〈M〉w.cl by (1), so is∏
λ∈ΛM . 
Lemma 7.5 (2) is a variant of [Pap02, Lemma 8.5] in which M was a tiny critical object (see
[Pap02, Definitions 3.4 and 8.3] for their definitions).
In the rest of this section, we consider a Grothendieck category having a noetherian generator
and exact direct products.
Lemma 7.6. Let G be a Grothendieck category having a noetherian generator and exact direct
products. Let α ∈ AMinG and β ∈ ASpecG. If ϕ(α) ≤ ϕ(β) in MSpecG, then we have α ≤ β in
ASpecG.
Proof. Since α is minimal, it is represented by a compressible object H (Theorem 3.2 (3)). Since
H has a nonzero prime object, H itself is also a prime object. Take a prime monoform object L
representing β. Then the assumption implies 〈L〉cl ⊂ 〈H〉cl. Since AAssH = {H}, by Lemma 7.5
(2), 〈H〉cl = 〈H〉w.cl. Hence L ∈ 〈H〉w.cl and ASuppL ⊂ ASuppH . Since H is compressible, this
means that α = H ≤ L = β. 
Now we are ready to prove our main results. Under the assumption of the existence of a noe-
therian generator and the exactness of direct products, we show that the minimal atoms and the
minimal molecules is canonically identified, while non-minimal elements do not correspond bijec-
tively in general. These minimal elements are an analogue of irreducible components of schemes.
We also show that the atomically reduced part and the molecularly reduced part coincide. This is
an analogous notion to the reduced closed subscheme of a scheme whose underlying space is the
whole space.
Theorem 7.7. Let G be a Grothendieck category having a noetherian generator and exact direct
products.
(1) ϕ : ASpecG → MSpec G induces a bijection AMinG ∼−→ MMinG.
(2) Ga-red = Gm-red.
Proof. (1) Let α ∈ AMinG. Then there exists ρ ∈ MMinG satisfying ρ ≤ ϕ(α). Since ϕ is
surjective, ρ = ϕ(β) for some β ∈ ASpecG. Take γ ∈ AMinG satisfying γ ≤ β. Then ϕ(γ) ≤
ϕ(β) = ρ ≤ ϕ(α). By Lemma 7.6, γ ≤ α. Since α is minimal, we have γ = α, and ϕ(γ) =
ϕ(β) = ρ = ϕ(α). In particular, ϕ(α) ∈ MMinG. Thus ϕ induces a map AMinG → MMinG. The
surjectivity follows from Proposition 7.3 (1).
Let α1, α2 ∈ AMinG and take compressible objects H1 and H2 that represent α1 and α2,
respectively. Assume that ϕ(α1) = ϕ(α2). For each i = 1, 2, 〈ϕ(αi)〉cl = 〈Hi〉cl = 〈Hi〉w.cl by
Lemma 7.5 (2). Hence ASuppH1 = ASuppH2. The compressibility implies both α1 ≤ α2 and
α2 ≤ α1. Therefore α1 = α2. This proves the injectivity.
(2) By Theorem 3.2 (2), AMinG is a finite set. Let AMinG = {α1, . . . , αn} and take compressible
objects H1, . . . , Hn representing α1, . . . , αn, respectively. By (1), MMinG = {H˜1, . . . , H˜n}. Due
to the characterization of Gm-red (Proposition 6.2 (2) (c)) and Lemma 7.5 (2),
Gm-red = 〈H1, . . . , Hn〉cl = 〈
n⊕
i=1
Hi〉cl = 〈
n⊕
i=1
Hi〉w.cl = 〈H1, . . . , Hn〉w.cl.
The right most one is equal to Ga-red as in the proof of Theorem 3.6. 
It follows that the three atomic properties introduced in section 3 are equivalent to the corre-
sponding molecular properties introduced in section 6:
Corollary 7.8. Let G be a Grothendieck category having a noetherian generator and exact direct
products. Then G is atomically integral (resp. atomically reduced, atomically irreducible) if and
only if G is molecularly integral (resp. molecularly reduced, molecularly irreducible).
Proof. These follow from Theorem 7.7. 
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In the case G = ModΛ for a right noetherian ring, the equivalence of atomic irreducibility and
molecular irreducibility is shown in [Pap02, Proposition 6.17 (b)].
When G satisfies the assumption of Corollary 7.8, we omit the word “atomically” and “molec-
ularly” on these three properties. Ga-red = Gm-red is called the reduced part of G and is denoted
by Gred. Now all results on the atomic properties and the molecule properties can be restated in
terms of these common properties, for example: These three properties are inherited by quotient
categories (Proposition 3.9). Taking the reduced part is compatible with taking the artinianization
(Proposition 3.11). For a right noetherian ring Λ, the integrality (resp. reducedness, irreducibility)
of ModΛ is equivalent to that Λ is prime (resp. Λ is semiprime, Λ has unique minimal prime
two-sided ideal). Moreover if Λ is a right artinian ring, then these are also equivalent to that Λ
is Morita-equivalent to a skew field (resp. Λ is semisimple, Λ has a unique isomorphism class of
simple objects).
We will extend the inverse map of the bijection AMinG ∼−→ MMinG to the map MSpecG →
ASpecG. This gives a reformulation of Gabriel’s observation on right noetherian rings.
Lemma 7.9. Let G be a Grothendieck category having a noetherian generator and exact direct
products. For each ρ ∈MSpec G, the set
ASupp〈ρ〉cl = {α ∈ ASpecG | ρ ≤ ϕ(α) },
has a smallest element, which will be denoted by ψ(ρ).
Proof. MSupp〈ρ〉cl = V (ρ). Hence the equality follows from Proposition 7.1 (2).
Since 〈ρ〉cl is a prime closed subcategory of G, 〈ρ〉cl is integral as a Grothendieck category by
Proposition 6.7. Therefore ASpec〈ρ〉cl ∼= ASupp〈ρ〉cl has a smallest element. 
Properties of ψ are summarized as follows:
Theorem 7.10. Let G be a Grothendieck category having a noetherian generator and exact direct
products.
(1) ϕψ = idMSpecG.
(2) ψ induces a homeomorphism MSpecG ∼−→ Imψ. In particular, ψ is an injective continuous
map and is also a homomorphism of partially ordered sets.
(3) ψ induces a bijection MMinG ∼−→ AMinG, which is the inverse map of the bijection
AMinG ∼−→ MMinG induced by ϕ.
(4) For each α ∈ ASpecG and each ρ ∈ MSpecG,
ψ(ρ) ≤ α ⇐⇒ ρ ≤ ϕ(α).
In other words, ψ and ϕ are an adjoint pair if we regard the partially ordered sets ASpec G
and MSpecG as categories.
Proof. (1) Let ρ ∈ MSpecG. Since ϕ is surjective, there exists α ∈ ASpecG such that ϕ(α) = ρ.
By the definition of ψ, ρ ≤ ϕ(ψ(α)) and ψ(ρ) ≤ α. The latter one implies ϕ(ψ(ρ)) ≤ ϕ(α) = ρ.
Therefore ϕ(ψ(ρ)) = ρ.
(2) By (1), ψ is injective. ψ is a homomorphism of partially ordered sets by its definition.
Let Φ be a localizing subset of ASpecG. Since Φ is upward-closed, so is ψ−1(Φ). By Theorem 5.2,
ψ−1(Φ) is a localizing subset of MSpecG. Hence ψ is a continuous map.
Let Ω be a localizing subset of MSpecG. In order to conclude that ψ(Ω) is an open subset of
Imψ, it is enough to show that ψ(ρ) ∈ ASupp〈ρ〉cl ∩ Imψ ⊂ ψ(Ω) for each ρ ∈ Ω. By Lemma 7.9,
ASupp〈ρ〉cl = V (ψ(ρ)). For each ψ(σ) ∈ ASupp〈ρ〉cl ∩ Imψ, we have ψ(ρ) ≤ ψ(σ). Since ϕ
is a homomorphism of partially ordered sets, ρ = ϕ(ψ(ρ)) ≤ ϕ(ψ(σ)) = σ by (1). Since Ω is
upward-closed, σ ∈ Ω and ψ(σ) ∈ ψ(Ω). This completes the proof.
(3) Let ρ ∈ MMinG. Then by Theorem 7.7 (1), ρ = ϕ(α) for some α ∈ AMinG. By the
definition of ψ, ψ(ρ) = α ∈ AMinG. Thus ψ induces a map MMinG → AMinG and the claim
follows from (1).
(4) If ψ(ρ) ≤ α, then ρ = ϕ(ψ(ρ)) ≤ ϕ(α).
Conversely if ρ ≤ ϕ(α), then ψ(ρ) ≤ ψ(ϕ(α)) ≤ α. 
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Now we apply our results to a right noetherian ring Λ. Recall that ModΛ has the noetherian
generator Λ and direct products are exact. Since (ASpec(ModΛ),≤) is isomorphic to the Gabriel
spectrum (Sp(ModΛ),≤) (Proposition 2.13) and (MSpec(ModΛ),≤) is isomorphic to the two-sided
prime spectrum (SpecΛ,⊂) (Proposition 4.6), ϕ and ψ defined for ModΛ induce the maps
ϕΛ : Sp(ModΛ)→ SpecΛ and ψΛ : SpecΛ→ Sp(ModΛ).
In order to show that ϕΛ and ψΛ defined above agree with the maps given by Gabriel [Gab62,
V.4], we use the following result:
Proposition 7.11. Let Λ be a semiprime noetherian ring. Then there exist compressible objects
H1, . . . , Hn in ModΛ such that each Hi represents a minimal atom and Λ can be embedded into
H1 ⊕ · · · ⊕Hn as an essential subobject.
Proof. Let L1, . . . , Lm be compressible objects representing all minimal atoms in ModΛ. Since
ModΛ is atomically reduced, ModΛ = 〈L1, . . . , Lm〉w.cl. Hence Λ is a quotient object of a subobject
M of a finite direct sum of copies of L1, . . . , Lm. Since Λ is projective, the epimorphism M ։ Λ
splits. Therefore Λ is a subobject of the direct sum, which will be written as H1 ⊕ · · · ⊕Hn. By
removing redundant Hi using Lemma 3.16, Λ becomes an essential subobject of H1⊕· · ·⊕Hn. 
Proposition 7.12. Let Λ be a right noetherian ring.
(1) For each I ∈ Sp(ModΛ), we have AssΛ I = {ϕΛ(I)}, where AssΛ I is the set of associated
primes of I.
(2) For each P ∈ SpecΛ, the injective envelope E(Λ/P ) is the direct sum of a finite number
of copies of ψΛ(P ).
Proof. Although the proof were essentially given in [Gab62, V.4], we give a proof from our view-
point.
(1) Take α ∈ ASpecG that corresponds to I ∈ SpG. It suffices to show that MAssE(α) =
{ϕ(α)}. This follows from AAssE(α) = {α} (Proposition 2.13) and Proposition 7.1 (1).
(2) Take ρ ∈MSpec G that corresponds to P ∈ SpecΛ. Then Mod(Λ/P ) = 〈ρ〉cl. By Lemma 7.9,
ψ(ρ) is the unique minimal atom in Mod(Λ/P ). Let H be a compressible object in Mod(Λ/P )
that represents ψ(ρ). By applying Proposition 7.11 to Λ/P , it follows that Λ/P is embedded into
a finite direct sum of copies of H as an essential subobject in Mod(Λ/P ), but also in ModΛ.
Therefore the claim follows. 
It has been shown by Gabriel [Gab62, V.4] that ϕΛψΛ = idSpecΛ. Our main results state the
properties of these maps with respect to the naturally defined partial orders and give a bijective
correspondence between minimal elements of the two spectra.
Corollary 7.13. Let Λ be a right noetherian ring.
(1) (Gabriel [Gab62, V.4]) The maps
Sp(ModΛ) SpecΛ
ϕΛ
ψΛ
satisfy ϕΛψΛ = idSpecΛ.
(2) ϕΛ and ψΛ are homomorphism of partially ordered sets. Moreover ψΛ induces an isomor-
phism SpecΛ ∼−→ ImψΛ of partially ordered sets.
(3) ϕΛ and ψΛ induce a bijective correspondence between the minimal elements of Sp(ModΛ)
and the minimal elements of SpecΛ.
(4) For each I ∈ Sp(ModΛ) and each P ∈ SpecΛ, we have
ψΛ(P ) ≤ I ⇐⇒ P ⊂ ϕΛ(I).
Proof. These are consequences of Theorem 7.7 (1) and Theorem 7.10. 
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Example 7.14. The first Weyl algebra Λ := C〈x, y〉/(xy− yx− 1) over C is a simple domain and
is left and right noetherian (see [MR01, Theorem 1.3.5]). The only prime ideal of Λ is 0, while
there exist infinitely many isomorphism classes of indecomposable injective right Λ-modules. The
unique minimal element of Sp(ModΛ), which corresponds to 0 ∈ SpecΛ, is given by E(Λ).
Remark 7.15. There exists a Grothendieck category that has a noetherian generator but direct
products are not exact ([Wu88]), while the existence of an artinian generator implies that the
category is equivalent to ModΛ for some right artinian ring Λ (Theorem 3.4). Although we stated
our results as those for a Grothendieck category having a noetherian generator and exact direct
products, we do not know any example of such a Grothendieck category other than ModΛ for
right noetherian rings Λ.
On the other hand, as we will describe in section 9, some results that we have proved in
this section also hold for QCohX for locally noetherian schemes X , although the existence of a
noetherian generator and the exactness of direct products are not necessarily satisfied.
In the case of right noetherian rings, Theorem 7.7 (1) can also be deduced from the following
result of Beachy [Bea73, Theorem 3.6]: For a right noetherian ring Λ, there is a bijection between
the maximal torsion radicals of ModΛ and the minimal prime two-sided ideals of Λ. The torsion
radicals of ModΛ are identified with the localizing subcategories of ModΛ, and the maximal
torsion radicals correspond to the maximal proper localizing subcategories, which are in bijection
with AMin(ModΛ) by Proposition 2.26. The bijection given by Beachy agrees with the bijection
in Theorem 7.7 (1) under these identifications.
In order to state further related results, we recall the following result, which is known as the
Gabriel-Popescu embedding:
Theorem 7.16 (Gabriel and Popescu [PG64]). Let G be a Grothendieck category. Let U be a
generator in G and let Λ := EndG(U). Then the functor HomG(U,−) : G → ModΛ induces an
equivalence
G ∼−→ ModΛX
where X is a localizing subcategory that is largest among those such that Λ is X -closed, that is,
HomΛ(M,Λ) = 0 = Ext
1
Λ(M,Λ) for all M ∈ X .
Albu and Năstăsescu [AN84] gives a variant of Beachy’s result in terms of ∆-injective modules,
and it was generalized by Albu, G. Krause, and Teply [AKT01] to the “relative” version. We
slightly rephrase their result in the case of a Grothendieck category having a noetherian generator.
Recall that for a localizing subcategory X of G, an object M in G is called X -torsionfree if it has
no nonzero subobject belonging to X .
Theorem 7.17 (Albu and Năstăsescu [AN84, Corollary 11.27]; Albu, G. Krause, and Teply
[AKT01, Corollary 2.11]). Let G be Grothendieck category having a noetherian generator U . Let
Λ := EndG(U) and define the localizing subcategory X of ModΛ as in Theorem 7.16. Then there
exists a bijection between AMinG and the set of prime two-sided ideals of Λ that are minimal
among those P such that Λ/P is X -torsionfree.
Proof. We apply [AKT01, Corollary 2.11] to the ring Λ and the hereditary torsion theory τ corre-
sponding to X , that is, X consists of all τ -torsion modules. The latter set in the bijection of our
statement is denote by Minτ (Λ) in [AKT01]. Since U is sent to Λ by the functor HomG(U,−),
the noetherianity of U ensures that Λ is right τ -noetherian. It remains to prove that there exists
a bijection between AMinG and the set of isomorphism classes of τ -torsionfree indecomposable
∆-injective right Λ-modules.
The isomorphism classes of τ -torsionfree indecomposable injective right Λ-modules bijectively
correspond to the isomorphism classes of indecomposable injective objects in G (see [Kan15a,
Propositions 4.11 and 4.12]) and hence also to ASpecG. By [AN84, Lemma 11.3], α ∈ ASpec G
corresponds to a ∆-injective right Λ-module if and only if the image of Λ in the quotient category
(ModΛ)α is artinian. Since ASpec G is regarded as a subset of ASpec(ModΛ) via the canonical
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functor ModΛ ։ G, the image of Λ in (ModΛ)α is the same as Uα ∈ Gα. Since it is a generator,
ASuppUα = ASpecGα = Λ(α). Hence by [Kan15d, Proposition 3.7 (2)], Uα is artinian if and only
if α ∈ AMinG. This completes the proof. 
If G moreover has exact direct products in the setting of Theorem 7.17, then such prime two-
sided ideals of Λ bijectively corresponds to MMinG via Theorem 7.7 (1).
Under the terminology of [Alb10], Beachy’s correspondence [Bea73] and a variant result by Albu
and Năstăsescu [AN84] are “classical” in the sense that they concern the category of modules with-
out any extra data. The generalization by Albu, G. Krause, and Teply [AKT01] is the “relative”
version since it also deal with the case of a Grothendieck category with a fixed generator (or, more
generally, the category of modules together with a fixed localizing subcategory). Our result is the
“absolute” version, in which we do not fix a generator.
8. Applications
8.1. Goldie localizing subcategories. Following [NT03], we introduce the Goldie localizing
subcategory of a Grothendieck category, which is a generalization of the Goldie filter of a ring, and
observe some properties of the corresponding quotient category. Some results in this subsection
will be used in the subsequent subsections.
We will define the Goldie localizing subcategory in an analogous way to [Pop73, p. 213], which
dealt with the category of modules over a ring.
Proposition 8.1. Let G be a Grothendieck category.
(1) Let W be a full subcategory of G consisting of all objects N with N ∼=M/L for some object
M in G and its essential subobject L. Then W is a weakly closed subcategory. We call it
the Goldie weakly closed subcategory of G.
(2) Let W be the Goldie weakly closed subcategory of G. Then X := W ∗ W is a localizing
subcategory of G. We call it the Goldie localizing subcategory of G, and denote by GGoldie
the quotient category G/X .
Proof. (1) Let {Nλ}λ∈Λ be a family of objects belonging toW . Then for each λ ∈ Λ, Nλ ∼=Mλ/Lλ
for some Mλ ∈ G and essential Lλ ⊂ Mλ. Since
⊕
λ∈Λ Lλ is an essential object of
⊕
λ∈ΛMλ,⊕
λ∈ΛNλ = (
⊕
λ∈ΛMλ)/(
⊕
λ∈ΛNλ) ∈ W . Hence W is closed under direct sums.
Let N = M/L with L ⊂ M essential. Every subobject of M/L is of the form L′/L. Since L is
also an essential subobject of L′, L′/L ∈ W . Hence W is closed under subobjects. Since L′ is an
essential subobject of M , M/L′ ∈ W . This shows that W is also closed under quotient objects.
(2) Since W ∗ W is a weakly closed subcategory, it remains to show that it is closed under
extensions. Let M be an object in G. Let L be a largest subobject of M among those belonging
to W . If L is an essential subobject of M , then M/L belongs to W and M ∈ W ∗W . Otherwise
there exists a nonzero subobject L′ of L such that L ∩ L′ = 0. Since L′ has no nonzero subobject
belonging toW , L′ /∈ W∗W∗W and henceM /∈ W∗W∗W. This shows thatW∗W∗W ⊂ W∗W.
Therefore W ∗W is closed under extensions. 
In [NT03, Examples 3.1 (i)], the Goldie localizing subcategory is defined as the smallest localizing
subcategory containing the Goldie weakly closed subcategory W in Proposition 8.1 (1), which
agrees with our definition by virtue of Proposition 8.1 (2).
The above definition of a Goldie weakly closed subcategory agrees with the usual definition of
a Goldie filter of a ring:
Proposition 8.2. Let Λ be a ring. Then the Goldie weakly closed subcategory ofModΛ corresponds
to the prelocalizing filter consisting of all essential right ideals of Λ by the bijection in Theorem 2.16.
Proof. Let W be the Goldie weakly closed subcategory. It suffices to show the following: A right
Λ-module N belongs to W if and only if for every x ∈ N , AnnΛ(x) is an essential right ideal of Λ.
Assume N ∈ W . Then N ∼= M/L for some M ∈ G and essential L ⊂ M . Let x ∈ M/L with
x ∈ M . Then AnnΛ(x) is the inverse image of L by the right Λ-homomorphism Λ → M defined
by multiplying x from the left. Since L ⊂M is essential, AnnΛ(x) is an essential subobject of Λ.
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Conversely, assume that AnnΛ(x) ⊂ Λ is essential for every x ∈ N . Since N =
∑
x∈N xΛ and
xΛ ∼= Λ/AnnΛ(x) ∈ W , N belongs to W . 
The artinianization of a Grothendieck category having a noetherian generator was characterized
as the largest quotient category (by a localizing subcategory) with an artinian generator (Proposi-
tion 3.5 (2)). On the other hand, taking the quotient category by the Goldie localizing subcategory
is a way to obtain a semisimple Grothendieck category, but it is not a characterization as observed
in Example 8.4.
Theorem 8.3. Let G be a Grothendieck category having a noetherian generator. Then there exist
a finite number of skew fields D1, . . . , Dn satisfying GGoldie ∼= Mod(D1 × · · · ×Dn). In particular,
GGoldie is semisimple in the sense that every object in GGoldie is semisimple.
Proof. Denote the canonical functors by i∗ : G → GGoldie and i∗ : GGoldie → G. Let M be an object
in GGoldie. Since M is an essential subobject of its injective envelope E(M), i∗M is an essential
subobject of i∗E(M), and i∗E(M)/i∗M belongs to the Goldie localizing subcategory. Therefore
0 = i∗
(
i∗E(M)
i∗M
)
=
i∗i∗E(M)
i∗i∗M
=
E(M)
M
.
This implies M = E(M), and hence every object in GGoldie is injective. Since the noetherian
generator is semisimple, it is artinian. By Theorem 3.4, we conclude that GGoldie ∼= ModΛ for
some semisimple right artinian ring Λ, which is Morita-equivalent to a finite direct product of skew
fields. 
Example 8.4. Let k be a field, and let Λ be the path algebra kQ of the quiver
Q : 1 2 .
Then Λ has exactly two isomorphism classes of simple right Λ-modules S1 and S2. The represen-
tations
k k
1
0
and k k
0
1
give right Λ-modules M1 and M2, respectively, such that each Mi has the simple socle Si and the
quotient Mi/Si is the other simple module. Therefore the Goldie localizing subcategory of ModΛ
contains both S1 and S2, and GGoldie = 0. On the other hand, the quotient category of ModΛ by
either of 〈S1〉loc and 〈S2〉loc is semisimple. This means that the Goldie localizing subcategory is
not a minimal localizing subcategory among those have semisimple quotient categories.
Let G be a locally noetherian Grothendieck category and let X be its Goldie localizing sub-
category. Since ASpecGGoldie is canonically homeomorphic to ASpecG \ ASuppX , we regard
ASpecGGoldie as a subset of ASpecG via this homeomorphism. ASpecGGoldie is related to minimal
atoms in G as follows:
Theorem 8.5. Let G be a Grothendieck category having a noetherian generator.
(1) ASpec GGoldie ⊂ AMinG.
(2) If G is atomically reduced, then ASpec GGoldie = AMinG and GGoldie = Gartin.
Proof. Denote by X the Goldie localizing subcategory of G.
(1) Since GGoldie has an artinian generator (Theorem 8.3), it follows from Proposition 3.5 (2)
that ASupp−1(ASpec G\AMin G) ⊂ X . Hence ASpec G\AMinG ⊂ ASuppX , and ASpec GGoldie ⊂
AMinG.
(2) Let W be the Goldie weakly closed subcategory of G. Then Proposition 3.17 ensures that
ASuppW ∩AMinG = ∅. Therefore
ASuppX = ASuppW ⊂ ASpec G \AMinG.
Taking (1) into account, ASuppX = ASuppG \AMinG, and thus the claims follows. 
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8.2. Nonsingular objects. For a ring Λ that admits right Krull dimension, it is known that every
nonzero nonsingular right Λ-module has a compressible submodule (see [GR73, Proposition 8.8]).
We will prove the same result for a Grothendieck category having a noetherian generator. The
notion of singular submodules and nonsingular modules are generalized as follows:
Definition 8.6. Let G be a Grothendieck category. LetW be the Goldie weakly closed subcategory
of G, and let M be an object in G. The singular subobject of M is defined to be the largest
subobject of M among those belonging to W . If the singular subobject of M is zero, then M is
called nonsingular.
Proposition 8.7. Let G be a locally noetherian Grothendieck category. Then an object M in G is
nonsingular if and only if AAssM ⊂ ASpecGGoldie.
Proof. Denote by X be the Goldie localizing subcategory of G. AAssM ⊂ ASpec G \ ASuppX is
equivalent to that M has no monoform subobjects belonging to X . Since G is locally noetherian,
this is also equivalent to thatM has no nonzero subobjects belonging to X . Here X can be replaced
by W because of the definition of X . Hence the statement holds. 
Theorem 8.8. Let G be a Grothendieck category having a noetherian generator. Then every
nonzero nonsingular object in G has a compressible subobject.
Proof. Let M be a nonzero nonsingular object in G. Since AAssM 6= ∅, Proposition 8.7 and
Theorem 8.5 (1) imply that M has a monoform subobject H representing a minimal atom. H
contains a compressible subobject by Theorem 3.2 (3). 
8.3. Nonsingular and essentially compressible generators. Let G be a Grothendieck cate-
gory having a noetherian generator. In this subsection, we will construct a noetherian generator
in G that has some additional properties when G is atomically reduced. One of the properties we
impose on a generator is the following:
Definition 8.9 (P.F. Smith and Vedadi [SV06]). Let G be a Grothendieck category. An object
M in G is called essentially compressible if each essential subobject of M has some subobject that
is isomorphic to M .
It is shown in [SV06, Proposition 1.2] that direct sums of essentially compressible objects are
also essentially compressible.
Theorem 8.10. Let G be a Grothendieck category having a noetherian generator. Assume that
G is atomically reduced. Then G has a noetherian generator that is nonsingular and essentially
compressible.
Proof. Let U be a noetherian generator in G. Since G is atomically reduced, there exist compressible
objects H1, . . . , Hn in G such that they represent minimal atoms and U is a quotient object of a
subobject U ′ of H1 ⊕ · · · ⊕Hn. By Lemma 3.16, we can assume that U ′ as an essential subobject
of H1 ⊕ · · · ⊕Hn. U ′ is also a noetherian generator. Since
AAssU ′ ⊂ AAssH1 ∪ · · · ∪AAssHn ⊂ AMinG,
U ′ is nonsingular by Proposition 8.7 and Theorem 8.5 (2).
Let L be an essential subobject of U ′. Since L is also an essential subobject of H1 ⊕ · · · ⊕Hn,
Hi ∩ L 6= 0 for each i. The compressibility of Hi implies that Hi ∩ L has a subobject H ′i that is
isomorphic to Hi. Hence
U ′ ⊂ H1 ⊕ · · · ⊕Hn ∼= H ′1 ⊕ · · · ⊕H ′n ⊂ (H1 ∩ L)⊕ · · · ⊕ (Hn ∩ L) ⊂ L.
This means that U ′ is essentially compressible. 
The next result gives a characterization of nonsingular and essentially compressible objects in
ModΛ for a semiprime right Goldie ring Λ. Note that every right noetherian ring is right Goldie
(see [GW04, section 6] for properties of right Goldie rings).
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Proposition 8.11 (P.F. Smith and Vedadi [SV06, Theorem 2.3]). Let Λ be a semiprime right
Goldie ring and let M be a right Λ-module. Then the following are equivalent:
(1) M is nonsingular and essentially compressible.
(2) M is isomorphic to a submodule of a free Λ-module.
We also observe a relationship between the atom spectrum of GGoldie and the associated atoms
of a generator.
Proposition 8.12. Let G be a Grothendieck category having a noetherian generator U . Then
ASpecGGoldie ⊂ AAssU . Moreover, if U is nonsingular, then ASpecGGoldie = AAssU .
Proof. Since U is noetherian, we can take monoform subobjects H1, . . . , Hn of U such that H1 +
· · · + Hn is a direct sum and is an essential subobject of U . Let α ∈ ASpecGGoldie and assume
that α /∈ AAssU . Then Hi 6= α for each i. By Theorem 8.5 (1), we have α ∈ AMinG, and hence
Hi has a nonzero subobject H
′
i satisfying α /∈ ASuppH ′i . Since each H ′i is an essential subobject
of Hi, H
′
1 ⊕ · · · ⊕H ′n is an essential subobject of U . Now α ∈ ASpecG = ASuppU implies either
α ∈ ASupp(H ′1 ⊕ · · · ⊕H ′n) or α ∈ ASupp
U
H ′1 ⊕ · · · ⊕H ′n
.
The former one does not hold by the construction of H ′i. But the latter one implies α ∈ X ,
where X is the Goldie localizing subcategory of G. This contradicts α ∈ ASpecGGoldie. Therefore
ASpecGGoldie ⊂ AAssU .
If U is moreover nonsingular, then the equality follows from Proposition 8.7. 
Corollary 8.13. Let Λ be a right noetherian ring.
(1) ASpec(ModΛ)Goldie ⊂ AAssΛ.
(2) If Λ is semiprime, then
ASpec(ModΛ)Goldie = AAssΛ = AMin(ModΛ)
and (ModΛ)Goldie = (ModΛ)artin.
Proof. (1) follows from Proposition 8.12. Since Λ is nonsingular as a right Λ-module by Proposi-
tion 8.11, the assertion (2) follows from (1) and Theorem 8.5 (2). 
8.4. Goldie’s theorem. A famous result of Goldie [Gol60, Theorems 4.1 and 4.4] asserts that a
ring Λ has a semisimple classical quotient ring if and only if Λ is a semiprime right Goldie ring
(see also [GW04, Theorem 6.15]). In particular, for every semiprime right noetherian ring has a
semisimple classical right quotient ring. In this subsection, we will deduce the latter result from a
more general result on a Grothendieck category.
We recall the definition of a classical right quotient ring. Let Λ be a ring. A regular element of
Λ is a nonzero element a ∈ Λ such that ab 6= 0 and ba 6= 0 for all 0 6= b ∈ Λ. An invertible element
is a ∈ Λ such that ab = 1 = ba for some b ∈ Λ.
Definition 8.14. Let Λ be a ring. A classical right quotient ring of Λ is a ring Γ together with a
ring homomorphism f : Λ→ Γ satisfying the following:
(1) f is an injection.
(2) For every regular element a ∈ Λ, f(a) ∈ Γ is invertible.
(3) For every q ∈ Γ , there exist a, s ∈ Λ such that s is regular in Λ, and q = f(a)f(s)−1.
If a ring Λ has a classical right quotient ring, then it is unique up to ring isomorphism whose
restriction to Λ is the identity.
Theorem 8.15. Let G be a Grothendieck category having a noetherian generator. Assume that
G is atomically reduced. Denote by i∗ : G → GGoldie the canonical functor. Take a noetherian
generator U in G that is singular and essentially compressible.
(1) EndGGoldie(i
∗U) is a classical right quotient ring of EndG(U) via the ring homomorphism
i∗ : EndG(U)→ EndGGoldie(i∗U).
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(2) EndGGoldie(i
∗U) is a semisimple artinian ring.
(3) There is an equivalence HomGGoldie(i
∗U,−) : GGoldie ∼−→ ModEndGGoldie(i∗U).
Proof. We can always take such a generator U due to Theorem 8.10.
First we prove (1). Let η : idGGoldie → i∗i∗ be the counit morphism. Then we have the commu-
tative diagram
EndG(U) EndGGoldie(i
∗U)
EndG(i∗i
∗U)
EndG(U) HomG(U, i∗i
∗U)
i∗
i∗
≀
·ηU
ηU ·
.
Since the kernel of ηU : U → i∗i∗U belongs to the Goldie localizing subcategory (see [Kan15a,
Proposition 4.9 (3)]), it is zero by the nonsingularity of U and Proposition 8.7. Hence ηU is a
monomorphism. (ηU ·) : EndG(U) → HomG(U, i∗i∗U) is an injection and so is i∗ : EndG(U) →
EndGGoldie(i
∗U).
Let f ∈ EndG(U) be a regular element. If Ker f 6= 0, then there exists a nonzero morphism
g : U → Ker f , but fg = 0 contradicts the regularity of f . Hence f : U → U is a monomorphism.
Since i∗f : i∗U → i∗U is a monomorphism between objects of finite length in GGoldie, it is an
isomorphism. This means that i∗f ∈ EndGGoldie(i∗U) is a regular element.
Let q ∈ EndGGoldie(i∗U). Denote by h the composite of the counit morphism ηU : U → i∗i∗U
and i∗q : i∗i
∗U → i∗i∗U . We regard U as an essential subobject of i∗i∗U by the monomorphism ηU
(again, see [Kan15a, Proposition 4.9 (3)]). Then h−1(U) is an essential subobject of U . Since U is
essentially compressible, h−1(U) has a subobject U ′ that is isomorphic to U . Define morphisms f
and s by the commutative diagram
U U ′ h−1(U) U i∗i
∗U
U i∗i
∗U
∼
f
s
ηU
h
i∗q
ηU
.
By applying i∗ to this, we obtain the commutative diagram
i∗U i∗U i∗U
i∗U i∗U
i∗s
i∗f
q ,
where i∗s is an isomorphism since it is a monomorphism between objects of finite length. This
completes the proof of (1).
Since U is a noetherian generator in G, i∗U is a semisimple generator of finite length in GGoldie
by Theorem 8.3. Therefore (3) holds and it implies (2). 
Corollary 8.16. Every semiprime right noetherian ring has a classical right quotient ring, which
is semisimple.
Proof. This follows from Proposition 8.11 and Theorem 8.15. 
The following result is often considered as a key lemma to prove Goldie’s theorem. In our
context, it can also be deduced from the essential compressibility of the ring itself.
Corollary 8.17 (Goldie’s regular element lemma). Let Λ be a semiprime right noetherian ring.
Then each essential right ideal of Λ contains some regular element.
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Proof. Let G := ModΛ and denote by i∗ : G → GGoldie the canonical functor. Let L be an essential
right ideal of Λ. Since Λ is essentially compressible by Proposition 8.11, L contains a submodule L′
that is isomorphic to Λ. Denote by f the composite Λ ∼−→ L′ →֒ L →֒ Λ. As we have observed in
the proof of Theorem 8.15 (1), the canonical functor G → GGoldie sends the monomorphism f to an
isomorphism. Then, the injectivity of i∗ : EndG(Λ)→ EndGGoldie(i∗Λ) implies that f ∈ EndG(Λ) is
regular. Since f is the map that multiplies f(1) ∈ Λ from the left, f(1) is a regular element of Λ
contained in L. 
9. Atomic and molecular integrality of locally noetherian schemes
In section 7, we established a correspondence between atoms and molecules in a Grothendieck
category having a noetherian generator and exact direct products. In this section, we will see that
the same phenomenon is observed in the category QCohX of quasi-coherent sheaves on a locally
noetherian scheme X , although QCohX is not necessarily locally noetherian ([Har66, p. 135]) and
direct products are not necessarily exact, either (see [Kra05, Example 4.9]). We will see that there
is a canonical bijective correspondence between atoms and molecules, and also that both of the
atomic properties and the molecular properties agree with the usual reducedness, irreducibility,
and integrality.
Throughout this section, let X be a locally noetherian scheme. The underlying topological space
of X is denoted by |X | and the structure sheaf is denoted by OX . x ∈ X means that x is a point
of X , which is not necessarily a closed point.
We recall the description of the atom spectrum of QCohX given in [Kan15a].
Theorem 9.1. Let X be a locally noetherian scheme.
(1) There is a bijection
|X | ∼−→ ASpec(QCohX)
∈ ∈
x 7→ αx
where αx := jx∗(OX,x/mx) with jx : SpecOX,x → X the canonical morphism and mx the
unique maximal ideal of the local ring OX,x.
(2) For each x, y ∈ X, αx ≤ αy if and only if y ∈ {x}.
(3) The bijection in (1) induces bijections AssM ∼−→ AAssM and SuppM ∼−→ ASuppM for
every quasi-coherent sheaves M on X.
Proof. [Kan15a, Theorem 7.6, Corollary 7.7, and Proposition 7.12]. 
In the proof of the atom-molecule correspondence in section 7, it was important that 〈M〉w.cl =
〈M〉cl holds for objects M whose associated atoms are minimal atoms (Lemma 7.5 (2)). By using
the classification of weakly closed subcategories (also called prelocalizing subcategories), we can
show that an analogous result holds for QCohX in the following stronger form:
Proposition 9.2.
(1) For every coherent sheaf M on X, we have 〈M〉w.cl = 〈M〉cl.
(2) Every weakly closed subcategory of QCohX is locally closed.
Proof. (1) It suffice to show that 〈M〉w.cl is a closed subcategory of QCohX . By using the de-
scriptions [Kan15a, Theorem 9.14 (2) and Theorem 11.9 (2)] of weakly closed subcategories and
closed subcategories, it is enough to show that for every open affine immersion i : SpecR →֒ X ,
i∗(〈M〉w.cl) is a closed subcategory of ModR. Here R is a commutative noetherian ring. By Propo-
sition 5.6, i∗(〈M〉w.cl) is a locally closed subcategory of ModR. Since i∗(〈M〉w.cl) = 〈i∗M〉w.cl, and
i∗M ∈ModR is finitely generated, 〈i∗M〉w.cl is a closed subcategory by Proposition 5.4 (1).
(2) Let W be a weakly closed subcategory of QCohX . By [Kan15a, Theorem 9.14], especially
by the bijectivity of the map (4) → (1) in it, there exists a family {Mλ}λ∈Λ of coherent sheaves
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on X such that W = 〈Mλ | λ ∈ Λ 〉w.cl. Let {Nγ}γ∈Γ be the family consisting of all finite direct
sums Mλ1 ⊕ · · · ⊕Mλn where λ1, . . . , λn ∈ Λ. Then by (1),
W =
〈⋃
γ∈Γ
〈Nγ〉w.cl
〉
w.cl
=
〈⋃
γ∈Γ
〈Nγ〉cl
〉
w.cl
,
and {〈Nγ〉cl}γ∈Γ is a filtered set. Therefore W is locally closed. 
For an object M in QCohX and a quasi-coherent subsheaf I of OX , the subobject MI of M is
defined to be the image of the canonical morphism M ⊗OX I →M in QCohX .
We recall the classification of closed subcategories given in [Kan15a].
Theorem 9.3. Let X be a locally noetherian scheme.
(1) There is an order-reversing bijection
{ quasi-coherent subsheaves of OX } ∼−→ { closed subcategories of QCohX }
∈ ∈
I 7→
〈OX
I
〉
w.cl
(2) 〈OX/I〉w.cl = 〈OX/I〉cl = {M ∈ QCohX | MI = 0 } for every quasi-coherent subsheaf I
of OX .
(3) If quasi-coherent subsheaves I1 and I2 of OX correspond to closed subcategories C1 and C2,
respectively, then I1I2 corresponds to C1 ∗ C2.
Proof. [Kan15a, Theorem 11.9, Lemma 11.8, and Lemma 12.1]. 
We focus on quasi-coherent subsheaves corresponding to prime closed subcategories.
Definition 9.4. A quasi-coherent subsheaf P ( OX is called prime if the following condition
holds: If I1 and I2 are quasi-coherent subsheaves of OX with I1I2 ⊂ P , then Ii ⊂ P for some
i = 1, 2.
Corollary 9.5. Let X be a locally noetherian scheme. Then the bijection in Theorem 9.3 (1)
induces an order-reversing bijection
{ prime quasi-coherent subsheaves of OX } ∼−→ { prime closed subcategories of QCohX }.
Proof. This follows from Theorem 9.3 (3). 
We prove some results on prime quasi-coherent subsheaves of OX to establish a bijective corre-
spondence between MSpec(QCohX) and |X |.
Lemma 9.6. Let x ∈ X.
(1) There exists a largest quasi-coherent subsheaf P (x) of OX among those I satisfying x ∈
Supp(OX/I).
(2) Ass(OX/P (x)) = {x} and Supp(OX/P (x)) = {x}.
(3) P (x) is a prime quasi-coherent subsheaf of OX .
(4) OX/P (x) is a prime object in QCohX.
Proof. (1) Let Y be the unique reduced closed subscheme of X whose underlying space is the
topological closure {x}. Define P (x) to be the ideal sheaf of Y . Since Y is the smallest closed
subscheme ofX among those containing x in their underlying spaces, P (x) has the desired property.
(2) Since x ∈ Supp(OX/P (x)), there exists a subobject I/P (x) of OX/P (x) such that x ∈
Ass(OX/I). By the maximality of P (x), I = P (x). Supp(OX/P (x)) = {x} follows from the
construction of P (x).
(3) Let I1 and I2 be quasi-coherent subsheaves of OX satisfying I1I2 ⊂ P (x). Then (I1)x(I2)x ⊂
P (x)x ( OX,x and hence (Ii)x ( OX,x for some i = 1, 2. This means that x ∈ Supp(OX/Ii). By
the definition of P (x), Ii ⊂ P (x).
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(4) Let I/P (x) be a nonzero subobject of OX/P (x) in QCohX . By (2), x ∈ Supp(I/P (x)). By
Theorem 9.3, there exists a quasi-coherent subsheaf J of OX such that 〈I/P (x)〉cl = 〈OX/J〉w.cl =
〈OX/J〉cl. Since 〈I/P (x)〉w.cl = 〈I/P (x)〉cl by Proposition 9.2 (1),
ASupp
I
P (x)
= ASupp
〈
I
P (x)
〉
w.cl
= ASupp
〈OX
J
〉
w.cl
= ASupp
OX
J
.
Hence x ∈ Supp(I/P (x)) = Supp(OX/J). By the definition of P (x), J ⊂ P (x). Therefore〈
I
P (x)
〉
cl
=
〈OX
J
〉
cl
⊃
〈 OX
P (x)
〉
cl
⊃
〈
I
P (x)
〉
cl
,
where all inclusions become equalities. This shows that OX/P (x) is a prime object in QCohX . 
Remark 9.7. Let X be an integral scheme. [Pap02, Remark 6.8] asked whether OX is a prime
object in QCohX . Lemma 9.6 gives an affirmative answer to this question when X is locally
noetherian. Indeed, P (η) for the unique generic point η is zero by the construction in Lemma 9.6
(1). Thus OX = OX/P (η) is a prime object in QCohX by Lemma 9.6 (4).
Proposition 9.8.
(1) For each prime quasi-coherent subsheaf P of OX , OX/P is a monoform object in QCohX.
(2) For each x ∈ X, the atom αx is represented by OX/P (x).
(3) There is a bijection
{ prime quasi-coherent subsheaves of OX } → ASpec(QCohX)
∈ ∈
P 7→ OX/P
.
(4) There is a bijection
|X | → { prime quasi-coherent subsheaves of OX }
∈ ∈
x 7→ P (x)
.
Proof. (1) Assume that OX/P is not monoform. Then there exist subobjects P ( I ( I ′ ⊂ OX
and P ( J ⊂ OX such that I ′/I ∼= J/P . This implies (J/P )I = 0, and hence IJ ⊂ P . By the
assumption, I ⊂ P or J ⊂ P . Either case causes a contradiction.
(2) Following the notation used in the definition of αx, Ass jx∗(OX,x/mx) = Ass(OX,x/mx) =
{x}. By Lemma 9.6 (2), Ass(OX/P (x)) = {x} = Ass jx∗(OX,x/mx). Therefore AAss(OX/P (x)) =
AAss jx∗(OX,x/mx) and hence OX/P (x) = αx.
We prove (3) and (4). Since we have the commutative diagram
|X | ASpec(QCohX)
{ prime quasi-coherent subsheaves of OX }
x 7→αx
∼
x 7→P (x)
P 7→OX/P
by (2), it is enough to show that the map P 7→ OX/P is injective. Let P1 and P2 be prime quasi-
coherent subsheaves of OX . If OX/P1 = OX/P2, then OX/Pi has a nonzero subobject Ii/Pi,
for each i = 1, 2, such that I1/P1 ∼= I2/P2. Let J be a quasi-coherent subsheaf of OX . Then
(Ii/Pi)J = 0 is equivalent to IiJ ⊂ Pi. Since Pi is a prime quasi-coherent subsheaf and Ii 6⊂ Pi,
this means that J ⊂ Pi. Therefore Pi is the largest among such J . This implies P1 = P2. 
Theorem 9.9. Let X be a locally noetherian scheme.
(1) There is a bijection
|X | ∼−→ MSpec(QCohX)
∈ ∈
x 7→ ρx
where ρx := (OX/P (x))∼. For each x, y ∈ X, ρx ≤ ρy if and only if y ∈ {x}.
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(2) There is an order-reversing bijection
MSpec(QCohX) ∼−→ { prime closed subcategories of QCohX }
∈ ∈
ρ 7→ 〈ρ〉cl
.
Proof. We have the commutative diagram
X MSpec(QCohX)
{prime quasi-coherent subsheaves of OX } {prime closed subcategories of QCohX }
x 7→ρx
x 7→P (x) ≀ ρ7→〈ρ〉
cl
P 7→〈OX/P 〉cl
∼
,
where the injectivity of the right vertical arrow follows from the definition of molecules. Hence
all maps in the diagram are bijective. The bijection in (2) is obviously order-reversing. For each
x, y ∈ X ,
ρx ≤ ρy ⇐⇒
〈 OX
P (x)
〉
cl
⊃
〈 OX
P (y)
〉
cl
⇐⇒ P (x) ⊂ P (y).
By the definition of P (y), P (x) ⊂ P (y) is equivalent to y ∈ Supp(OX/P (x)). This means y ∈
{x}. 
In [Pap02, Proposition 6.7], it is shown that for a quasi-projective scheme X over a commutative
noetherian ring, every nonzero object in QCohX contains a prime subobject. As a consequence of
the above observations, we generalize Pappacena’s result to all locally noetherian schemes.
Proposition 9.10. Every nonzero object in QCohX has a prime monoform subobject.
Proof. [Kan15a, Theorem 7.6 (2)] implies that every nonzero objectM in QCohX has a monoform
subobject H . Then H = αx for some x ∈ X , and αx = OX/P (x) by Proposition 9.8 (2). Hence
H contains a nonzero subobject L that is isomorphic to a subobject of OX/P (x). Since OX/P (x)
is a prime object, L is a prime monoform subobject of M . 
By virtue of Proposition 9.10, we can define a map ϕ : ASpec(QCohX)→ MSpec(QCohX) in
the same way as in the beginning of section 7.
Since QCohX is not necessarily locally noetherian, we have not defined the molecule support of
an object nor that of a full subcategory. For a locally closed subcategory C of QCohX , we define
MSupp C ⊂MSpec(QCohX) by
MSupp C := { ρ ∈MSpec G | 〈ρ〉cl ⊂ C }
which is justified by Proposition 5.8 (1). The following result ensures the existence of the atomically
reduced part (QCohX)a-red and the molecularly reduced part (QCohX)m-red.
Lemma 9.11.
(1) There exists the weakly closed subcategory (QCohX)a-red of QCohX that is smallest among
those W satisfying ASuppW = ASpec(QCohX).
(2) There exists the closed subcategory (QCohX)m-red of QCohX that is smallest among those
C satisfying MSupp C = MSpec(QCohX).
Proof. (1) Let W be a weakly closed subcategory of QCohX and α ∈ ASpec(QCohX). By
[Kan15a, Proposition 8.10], α ∈ ASuppW if and only if the largest monoform subobjectH(α) of the
injective envelope E(α) belongs to W . Since every monoform object representing α is isomorphic
to a subobject of E(α), α ∈ ASuppW is equivalent to that all monoform objects representing α
belongs to W . In particular, for each x ∈ X , αx ∈ ASuppW if and only if OX/P (x) ∈ W . Hence
〈{OX/P (x) | x ∈ X }〉w.cl has the desired property in the statement.
(2) By Theorem 9.9 (1), 〈{OX/P (x) | x ∈ X }〉cl satisfies the property. 
Theorem 9.12. Let X be a locally noetherian scheme.
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(1) ϕ : ASpec(QCohX)→ MSpec(QCohX) is an order-preserving bijection.
(2) (QCohX)a-red = (QCohX)m-red.
Proof. (1) It follows from Theorem 9.1 and Theorem 9.9 (1) that the correspondence αx 7→ ρx gives
an order-preserving bijection ASpec(QCohX) ∼−→ MSpec(QCohX). This map can be written as
OX/P (x) 7→ (OX/P (x))∼, which agrees with the definition of ϕ.
(2) By the descriptions of (QCohX)a-red and (QCohX)m-red in the proof of Lemma 9.11, it
suffices to show that (QCohX)a-red = 〈{OX/P (x) | x ∈ X }〉w.cl is a closed subcategory. This
will be shown in a similar way to Proposition 9.2 (1). Let i : SpecR = U →֒ X be an open affine
immersion. By Lemma 9.6 (2), i∗(OX/P (x)) = 0 if x /∈ U . Hence
i∗((QCohX)a-red) =
〈{
i∗
( OX
P (i(p))
) ∣∣∣∣ p ∈ SpecR
}〉
w.cl
=
〈{
i∗
( OX
P (i(p))
) ∣∣∣∣ p is a minimal prime of R
}〉
w.cl
.
Since R has only finitely many minimal primes and each i∗(OX/P (i(p))) is finitely generated,
i∗((QCohX)a-red) is a closed subcategory by Proposition 5.6 and Proposition 5.4 (2). This com-
pletes the proof. 
We define call (QCohX)red := (QCohX)a-red = (QCohX)m-red the reduced part of QCohX .
We say that QCohX is reduced if (QCohX)red = QCohX . If ASpec(QCohX), or equivalently
MSpec(QCohX), consists of exactly one element, then QCohX is called irreducible. QCohX is
called integral if it is reduced and irreducible.
The following result is a generalization of [Pap02, Proposition 6.16 (b)], which was proved for a
quasi-projective scheme over a commutative noetherian ring.
Theorem 9.13. For every locally noetherian scheme X, we have (QCohX)red = QCoh(Xred),
where Xred is the unique reduced closed subscheme of X with |Xred| = |X |.
Proof. The closed subscheme Xred corresponds to the quasi-coherent subsheaf I of OX that
is largest among those satisfying Supp(OX/I) = |X |. In view of [Kan15a, Theorem 11.11],
QCoh(Xred) is identified with 〈OX/I〉w.cl. This is the smallest closed subcategory C among those
satisfying ASupp C = ASpec(QCohX). Since (QCohX)red has the same property, QCoh(Xred) =
〈OX/I〉w.cl = (QCohX)red. 
Corollary 9.14. Let X be a locally noetherian scheme.
(1) QCohX is reduced if and only if X is reduced.
(2) QCohX is irreducible if and only if X is irreducible.
(3) QCohX is integral if and only if X is integral.
Proof. (1) This is a consequence of Theorem 9.13.
(2) By Theorem 9.1, QCohX is irreducible if and only if X has a unique generic point. This is
equivalent to the irreducibility of X ([Mum99, Proposition II.2.2]).
(3) This follows from (1) and (2). 
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